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Abstract. For a general subcritical second-order elliptic operator P 
in a domain SI C R n (or noncompact manifold), we construct Hardy- 
weight W which is optimal in the following sense. The operator P — 
XW is subcritical in S} for all A < 1, null-critical in SI for A = 1, and 
supercritical near any neighborhood of infinity in SI for any A > 1. 
Moreover, in the symmetric case, if W > 0, then the spectrum and the 
pH , essential spectrum of W~ X P are equal to [1, oo). 

Our method is based on the theory of positive solutions and ap- 
plies to both symmetric and nonsymmetric operators. The constructed 
Hardy-weight is given by an explicit simple formula involving two dis- 
tinct positive solutions of the equation Pu — 0, the existence of which 
depends on the subcriticality of P in SI. 
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1. Introduction 

Let P be a symmetric and nonnegative second-order elliptic operator with 
5_i " real coefficients which is defined on a domain f2 C M n , and let q be the 

associated quadratic form defined on C^°(Q). A Hardy-type inequality with 
a weight W > has the form 

q(f)>C [ W(x)\^(x)\ 2 dx for all ip G C£°(Q), (1.1) 

where C > is a constant. The inequality aims to quantify the positivity of 
P in terms of a weight W . First it divides the class of nonnegative operators 
into two distinct classes. A nonnegative operator P is called critical in Q if 
the inequality q(f) > cannot be improved, meaning that (jl.ip holds true 
if and only if W = 0. On the other hand, when (jl.ip holds with a nontrivial 
W, then the operator is subcritical in Q. Two natural problems related to 
the optimality of the inequality are then widely studied. 



>< 



2 



BAPTISTE DEVYVER, MARTIN FRAAS, AND YEHUDA PINCHOVER 



(PI) For a given weight W, find the largest constant C for which (jl.ip 
holds true. Such a constant, which depends on the triple (P, W, £1), is 
called the optimal constant (or the generalized principal eigenvalue). 
(P2) For (7 = 1, find a nonnegative weight W which is "as large as possi- 
ble" near infinity in fl. 
The first problem has a unique answer, however the problem itself is in- 
teresting only if we focus on certain classes of weights W with some intrinsic 
qualities. The second problem, posed by Shmuel Agmon in [3j Page 6], seeks 
for weights with such qualities. 

We start our discussion with a classical example which demonstrates the 
expected features that the requested weights should satisfy. 

Example 1.1. The classical Hardy inequality is associated with the Laplace 
operator P := —A on the punctured space f2* := W 1 \ {0}, n > 3, and reads 
as 

f \V<p\ 2 dx> C H [ ^r^-dx V^gCq 00 ^), (1.2) 
Jn* Jn* \ x \ 

where C H := (^f > 0. 

Hardy inequality (jl.2p has the following important functional (or equiva- 

lently, spectral) properties which justify that W(x) := Ch\x\~ 2 deserves the 

title of "optimal weight": 

(a) The operator P — W is critical in fi*; that is, the inequality 



\V<p\*dx> V{x)<p z (x)dx V(peC%°(n*) 
'n* Jn* 

is not valid for any V ^ W. In particular, Ch is the optimal con- 
stant. 

(b) Ch is also optimal for test functions supported in any fixed punc- 
tured neighborhood of either or oo. 

(c) The operator P — W is null-critical in Vt] that is, the corresponding 
Rayleigh-Ritz variational problem 

<pev?(si*) \J n ,W{x)\ip{x)\ 2 dxj 
admits no minimizer. 

Moreover, the spectrum and the essential spectrum of the Friedrichs exten- 
sion of the operator — W~ 1 A on L 2 (S1*, VFdx) are equal to [l,oo). 

To discuss the relevance of properties (a) - (c) to problems (PI) and 
(P2), we define a set W of all nonzero, nonnegative potentials such that 
(jl.ip holds with C = 1. Then W is a convex set, which is nontrivial if and 
only if P is subcritical in Q. Moreover, a potential W is an extremal point 
of W if and only if (a) holds. However, such critical W might be compactly 
supported in £1 (see Proposition 12. 6h . and in particular, it does not provide 
any information on the behavior of P near infinity. Properties (b), (c) (and 
the assertion on the essential spectrum) complement (a) in this respect. 
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The above discussion leads us to the following temporary definition. 

Definition 1.2 (cf. Definition l2.10|) . A weight W G W is called an optimal 
Hardy-weight for a symmetric subcritical operator P in if (|l.lj) satisfies 
properties (a) - (c) of the classical Hardy inequality (|1.2j) . 

The aim of the present paper is to construct an optimal Hardy-weight 
W for a general (not necessarily symmetric) subcritical elliptic operator P 
defined on a domain (or on a noncompact manifold). The constructed 
weight W is given explicitly, it is obtained using a classical positive super- 
solution method. Surprisingly, the proof that properties (a) - (c) hold true 
for W is simple. Let us now explain our construction and main results. 

We recall that the relationships between spectral (or equivalently, func- 
tional) properties of a symmetric operator P defined on Q to properties 
of positive solutions of the equation Pu = is well understood using the 
Agmon-Allegretto-Piepenbrink (AAP) theory [U[35]. In particular, the exis- 
tence of a positive supersolution v of the equation Pu = in Q, is equivalent 
to the nonnegativity of the quadratic form q(ip) := (P<p,(p) on C^°(f2), and 
hence (assuming W > in f2) equivalent to the nonnegativity of the spec- 
trum of the associated symmetric operator W^P. Moreover, the existence 
of a positive supersolution v of the equation Pu = in a neighborhood of 
infinity in f2 is equivalent to the nonnegativity of the corresponding essential 
spectrum [14j . Note that a (sufficiently smooth) supersolution v of the equa- 
tion Pu = in fHs readily a positive solution of the equation (P — W)u = 0, 
where W := Pv/v is a nonnegative potential. Applying the (AAP) theory 
to the operator P — W, we get the following Hardy- type inequality 

q(cp) > [ W(p 2 dx Vip£C£°(n). (1.4) 
Jn 

We call W := Pv/v a Hardy-weight associated with the supersolution v. 

A simple way to construct new positive supersolutions is given by the 
following procedure that we call the supersolution construction. Let vo and 
v\ be two linearly independent positive (super) solutions of the equation 
Pu = in £1. Then for < a < 1, the function 

v a ■— v v l 

is a positive supersolution of the equation Pu = in Q, thus yielding a 
Hardy- weight W a := Pv a /v a . In particular, if the equation Pu = in 17 ad- 
mits two linearly independent positive (super)solutions, then P is subcritical 
in Q. 

Without loss of generality we always assume that lo = £ fi, and we 
denote tt* :=O\{0}. 

Our main result below states that if one chooses two positive solutions vq, 
and vi appropriately in Q*, then for a = 1/2, the corresponding constructed 
potential W\/2 is an optimal Hardy-weight in £1* (for the precise formulation 
see Theorem 12. 11|) . More precisely, for symmetric operators we have: 
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Theorem 1.3. Let P be a symmetric subcritical operator in 0, and let 
G(x) := Gp(rr,0) be its minimal positive Green function with a pole at 
£ fl. Let u be a positive solution of the equation Pu = in Q satisfying 

lim = 0, (1.5) 

x->oo u(x) 

where oo is the ideal point in the one-point compactification ofVt. Consider 
the supersolution 

v := V Gu. 

Then the associated Hardy-weight W := Pv/v is optimal with respect to P 
and the punctured domain Vt* in the following sense: 

• The operator P—W is null-critical in £1* , that is, P — W is critical in 
O*, and the corresponding Rayleigh-Ritz variational problem admits 
no minimizer. 

• The constant 1 is optimal near zero and infinity: for any A > 1 
the equation (P — XW)u = does not admit any positive solution 
neither in any neighborhood of infinity in £1, nor in any punctured 
neighborhood of 0. 

Suppose further that W is positive in Q* , then the spectrum and the essential 
spectrum of the Friedrichs extension of the operator W~ 1 P on L 2 (f2*, W dx) 
is equal to [1, oo). 

We illustrate our construction and proof of Theorem 11.31 with a proof that 
the classical Hardy inequality (jl.2p indeed satisfies all the assertions of the 
theorem. 

Example 1.4 (Example 11.11 continued). Let P = —A be the Laplace op- 
erator on Q,* := R n \ {0}, where n > 3, and denote by G(x) := |x| 2_n the 
corresponding positive minimal Green function with a pole at zero (up to a 
multiplicative constant). 

Consider the positive superharmonic function in Q* 

v(x) := y/G(x)i = G{x) l > 2 = |^|(2~^)/2_ 

Using the above construction, we obtain that the corresponding Hardy- 
weight is equal to Ch\x\~ 2 , and by the (AAP) theory we get the classical 
Hardy inequality (jl.2|) . 

To prove that we indeed obtain an optimal Hardy- weight, we analyze the 
oscillatory properties of the corresponding radial equation 

- u" - — -u' - A-^ = re(0,oo), (1.6) 

where A 6 M. Note that (|1.6p is Euler's equation. Set A = r/C#. Then for 
rj 7^ 1 two linearly independent solutions of (jl.6p are given by 

U± (r) = r (2-n)/2( r (2-n)/2)±v^ (L?) 
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while for 77 = 1 two linearly independent solutions of (|1.6f) are expressed by 

u+ (r) = A 2 ~ n ^ 2 , u_(r) = A 2 ~ n ^ 2 log(r 2 ~ n ). (1.8) 

The difference in the structure of the solutions for 77 < 1, 77 = 1 and 77 > 1 
cannot be over-stressed. 

For 77 < 1 both solutions are positive, and therefore, the operator P — 
r]Cn\x\~ 2 is subcritical in Q*. 

On the other hand, for 77 = 1 only u+ is positive, and moreover, it is 
dominated by \u—\ near both ends r = and r = 00. By Proposition 14.11 
we infer that 7i+ is a ground state and the operator P — W is critical in f2*, 
where VF := — A(u + )/u + = Ch\x\~ 2 is the corresponding Hardy-weight. 

Furthermore, an elementary calculation shows that for 77 = 1 we have that 
the ground state u+(r) = r^ 2 ~ n ^ 2 is not in L 2 (fi*, W dx), which shows the 
null-criticality of the Hardy operator —A — Ch\x\~ 2 in O*. 

Finally, for 77 > 1 the solution of (II. 6p given by 



<Ke{u+(r)} = r^ 2 "™)/ 2 cos 



— \og(r z 



(1.9) 



oscillates near zero and near infinity, and therefore, the best possible con- 
stant for the validity of the Hardy inequality in any neighborhood of either 
the origin or infinity is also Ch- In particular, the bottom of the spectrum 
and the bottom of the essential spectrum of the corresponding weighted 
Laplacian (with weight C^ 1 ^ 2 ) is equal 1. 

The entire (essential) spectrum of the operator P := Cjj l \x\ 2 (—A) is ob- 
tained by an explicit spectral representation of the operator P restricted to 
the radial functions, using the Mellin transform. Denote by L 2 ad (f2*, VFdx) 
the subspace of radially symmetric functions in L 2 (f2* ,W dx). Recall that 
the Mellin transform A4 : L 2 (0,oo) — > L 2 (U) is the unitary operator de- 
fined by 

1 f'°° 1 
MHO := -= / f(r)r^2 dr. 

V <Z1T Jo 

In fact, the composition of the unitary operator 

L 3 ((0,oo) 1 r B - 1 ^dr) -H^oo); f(r) * ^^/(r 1 ^" 2 )), 
and the Mellin transform, gives a unitary operator 

U : i&aCfi*, W dx) L 2 ((0, 00), r"" 1 ^ dr) -> L 2 (R), 

which is a spectral representation for P restricted to radial functions. In 
this representation, P is just the multiplication by (1 + 4£ 2 ). Indeed, this 
follows from the fact that due to (|1.6j) and (|1.7ft (with £ = ^77 — 1/2), we 
have 

(Ch 1 \x\ 2 (-A) - (At 2 + 1)) (r n - 2 f~^ = 0. (1.10) 
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The proof of the main result (Theorem 12.111) in the general case is based 
on similar considerations and calculations. Loosely speaking, to obtain the 
general result, we just replace r( 2 ~ n ) in equations (|1.7[) . (jl.8p . (|1.9|) . and 
(flTTOl) by G/u (cf. lemmas ESI and EH). 

Criticality theory, which is the qualitative theory of positive solutions 
of the equation Pu = in f! for a general nonsymmetric second-order el- 
liptic operator P with real coefficients (see Section [2]), extends the func- 
tional/spectral formulation of nonnegativity. We show that when problems 
(PI) - (P2) are interpreted in the terminology of criticality theory, our re- 
sults apply to a general nonsymmetric second-order elliptic operator P in a 
general domain 0. In particular, all statements of Theorem 11.31 (interpreted 
in the terminology of criticality theory), excluding the statement about the 
whole spectrum, hold true for such a general P. However, the relation to 
the integral Hardy-type inequality (jl.ip is lost in the nonsymmetric case. 

The classical positive supersolution approach to spectral problems and 
variational inequalities was studied by many authors [3j El EH E3 EH E21 
and the references therein]. The idea of using the Green function to get, 
albeit via integral identities, an optimal Hardy-type inequality appears in 
a few recent papers for a symmetric divergence form operator (without 
a potential), see for example [21 [101 HH E21 and references therein]. For 
the Laplace-Beltrami operator on Riemannian manifolds such an approach 
was used by Carron in |10j to provide Hardy-type inequalities in particular 
for minimal hyper surf aces of an Euclidean space, and for submanifolds of 
Cartan-Hadamard manifolds. Carron's results have been later rediscovered 
by Li and Wang [25], where the authors give also applications to structure 
theorems for complete manifolds. Compared to these results, we provide a 
novel nonvariational method that applies to a general operator P satisfy- 
ing minimal regularity assumptions. Furthermore, the (null)-criticality of 
P — W , the optimality near infinity, and the characterization of the (essen- 
tial) spectrum of the weighted operator, seem to be new even in the case 
of the Laplace (let alone Schrodinger) operators on domains in M. n , and the 
Laplace-Beltrami operator on Riemannian manifolds. For recent results con- 
cerning sharp Hardy inequalities see for example [H El EHl Ell and references 
therein] . 

We note that some results of the present paper have been recently an- 
nounced by the authors in [To] . 

The outline of the present paper is as follows. In the following section, we 
provide a short review of the theory of positive solutions and formulate pre- 
cisely our main result in the nonsymmetric case (Theorem 12. lip . Section El 
explains in detail the supersolution construction of Hardy-weights. Sections 
El El [6] and [7] are then devoted to the four-steps proof of Theorem 12. Ill (see, 
theorems 14.21 15.21 16. 2\ and 17. 4p . Our main result deals with a weight W 
which has an isolated singularity in CI, in Section El we describe how our 
methods and results can be extended to the case of solutions with boundary 
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singularities. In Section [9J we study the case of a symmetric subcritical 
operator which is defined on a manifold M with N ends, where N > 2. 
It turns out that in this case, the supersolution construction produces an 
(N — l)-parameter family of critical Hardy- weights (see Theorem 19.3)) . Fi- 
nally, in Section [10] we discuss some examples, extensions, and applications. 
In particular, we discuss the completeness of Agmon's metric associated 
with optimal Hardy-weights, Rellich-type inequalities, decay estimates of 
solutions, and some generalizations to quasilinear equations. 

As was mentioned above, the proofs of the main results of the present 
paper hinges on a one-variable approach. Indeed, it is based on a thorough 
analysis of a space of "radial" generalized eigenfunctions. This is particu- 
larly evident in Section where the appropriate "radial" space is defined. 
To further elaborate this point, we consider in the Appendix, the class of 
Schrodinger operators with radially symmetric potentials defined on radi- 
ally symmetric domains and study the corresponding radial solutions, and 
present a purely ODE proof of some of our results for this important case. 

Notation: Throughout the paper and without loss of generality, we assume 
that € Q. In addition, we fix a reference point x\ 6 f2, %\ 7^ 0. When 
there is no danger of confusion we will omit indices. In particular, for a 
matrix A(x) = (a lJ (x)) and a vector field b(x) we denote 

n n 

(A(x)e) j = b ( x ) ■ e = E ^o*)^ where c = (6, • • • , e«) e R re 

3=1 J"=l 

Moreover, for x E we introduce a norm on W 1 associated to a positive 
definite matrix A(x), 

We write fii <s O2 if ^2 is open, Oi is compact and Q\ C O2- 



2. Preliminaries 



Let f2 C M. n , n > 2 be a domain (or more generally, a smooth noncompact 
manifold VL of dimension n). We assume that z/ is a positive measure on f2, 
satisfying dv = f vol with / a positive function; vol being the volume form 
of O (which is just the Lebesgue measure in the case of a domain of M. n ). 
Consider a second-order elliptic operator P with real coefficients which (in 
any coordinate system (£7; x\, . . . , x n )) is either of the form 



Pu = —a lJ (x)didjU + b(x) ■ Vu + c(x)u, 
or in the divergence form 



Pu 



-div 



(A(x)Vu + ub(x)) + b(x) ■ Vu + c(x)u, 



(2.1) 



(2.2) 



Here, the divergence is the formal adjoint of the gradient with respect to the 
measure v. We assume that for every x £ Q the matrix A{x) := [a^(x)"j is 
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symmetric and that the real quadratic form 

n 

e-A(z)f := X)&a <J '(*)& (2.3) 

is positive definite. Moreover, throughout the paper it is assumed that 
P is locally uniformly elliptic, and the coefficients of P are locally suffi- 
ciently regular in fi. All our results hold for example when P is of the form 
(|2,2p . and A, f are locally Holder continuous, b, b £ L^ oc (fi; W 1 , dx), and 

c £ Lf^fijR, dx) for some j> > n. However it would be apparent from 
the proofs that any conditions that guarantee standard elliptic theory are 
sufficient. 

The formal adjoint P* of the operator P is defined on its natural space 
L 2 (fi, dz^). In the case where P is in divergence form (I2.2p and b = b, the 
operator 

Pu = -div [(AVu + ub)] +b- Vu + cu, (2.4) 

is symmetric in the space L 2 (fi, du), and we call such a setting the symmetric 
case. 

In the paragraphs below we recall basic notions and theorems from the 
theory of positive solutions. We refer the reader to a review |35] for details 
and further references. 

Definition 2.1. Denote by Cp(fi) the cone of all positive solutions of the 
elliptic equation Pu = in fi. The operator P is said to be nonnegative in 
fi, and write P > in fi, if Cp(fi) ^ 0. We say that P satisfies the positive 
Liouville theorem in fi if dim Cp{£l) = 1. 
For a nonzero (real valued) function W, let 

A = A (P, W, fi) := sup{A e R | P - XW > in 0} 

be the generalized principal eigenvalue of the operator P with respect to the 
potential W in fi. We also denote 

Aoo := Aoo(-P,W,n) := sup{A € R | 3K CC fi s.t. P - AW > in fi \ K}. 

Clearly, Ao < \qo- Moreover, P — XqW > in fi. In the symmetric case, in 
light of the Agmon-Allegretto-Piepenbrink (AAP) theory (see for example 
[1] and |14j). Ao and Aqo have the following spectral interpretation: 

Proposition 2.2. Assume that the operator P is symmetric in L 2 (fi, du), 
and W > 0. Suppose also that \q(P, W, fi) > — oo. Define 

p ■= W~ l P. 

Then P is symmetric on L 2 (fi, VFd^), has the same quadratic form as P , 
and Ao (resp. Xoo) is the infimum of the spectrum (resp. essential spectrum) 
of the Friedrichs extension of P. 
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Denote by q the quadratic form associated to P, and assume that P > in 
O. Then the following Hardy-type inequality holds true with the best constant 
X = \ (P,W,n)>0: 

q(<p) > Ao [ W<p 2 dv V99 G Cg°(fi). (2.5) 
Ju 

Next, we introduce the definition of (sub)criticality: 

Definition 2.3. Assume that P > in Q. The operator P is said to be 
subcritical in £1 if there exists a nonzero nonnegative continuous function W 
such that Xq(P,W,Q) > 0, otherwise, P is critical in Q. So, in the critical 
case, Ao(-P, W, fi) = for any nonnegative nonzero continuous function W. 
If P ^ in 12, then P is said to be supercritical in fi. 

The (sub)criticality of P in 17 has an equivalent characterization in terms 
of the structure of the cone of positive solutions Cp(17). This characterization 
is based on the notion of positive solution of minimal growth (see [1]), and 
it is a key to our theorems and proofs. We recall the definition. 

Definition 2.4. 1. Let K <s 17, and let u be a positive solution of the 
equation Pw = in 17 \ K. We say that u is a positive solution of minimal 
growth in a neighborhood of infinity in 17 if for any K (s K' (s Q with smooth 
boundary and any (regular) positive supersolution v £ C((f2 \ if') U dK') 
of the equation Pw = in O \ K' satisfying ii<uon dK' , we have u < u in 

n\K'. 

2. Let xi G 17. A positive solution of the equation 

Pu = in ST2\{xi} 

of minimal growth in a neighborhood of infinity in is called a positive 
minimal Green function, if the singularity at x\ is not removable. The 
appropriately normalized Green function is denoted by Gp(x, x{). 

The aforementioned characterization of a subcritical operator is given in 
the following proposition. 

Proposition 2.5. Suppose that P > in O. The operator P is subcritical 
in $7 if and only if it admits a positive minimal Green function Gp(x,x±) 
in 0,. Moreover, in the critical case, the equation Pu = admits a unique 
(up to multiplicative constant) positive global solution in £1, which is called 
Agmon's ground state (or in short a ground state). 

The operator P is subcritical (resp. critical) in £1 if and only if its formal 
adjoint P* is subcritical (resp. critical) in Q. 

We note that a ground state of a critical operator P in f2 is a positive 
global solution of the equation Pu = in 17 that has minimal growth in a 
neighborhood of infinity in f2. 

Let P be subcritical in and W > 0. Clearly A := A (P, W,tl) > 0, 
but Aq might be either or positive. Moreover, the operator P — XW is 



10 



BAPTISTE DEVYVER, MARTIN FRAAS, AND YEHUDA PINCHOVER 



subcritical in for < A < Ao, but P — XqW might be either subcritical or 
critical in CI. The case of a perturbation by a compactly supported potential 
(or more generally, by a semismall perturbation |30| ) is well understood (see 
for example [35} and references therein]). In particular, we have: 

Proposition 2.6. Let P be a subcritical operator in O and W > a nonzero 
bounded compactly supported weight in fl (or more generally, W is a semis- 
mall perturbation potential of the operator P in CI). Then Xq(P, W,Cl) > 0. 
Moreover, the operator P — XW is critical in CI for A = Ao, and subcritical 
for < A < Ao. 

Remark 2.7. Assume that P is the Laplace-Beltrami operator —A on the 
manifold CI, then PI = and the cone of positive solutions is nonempty. The 
manifold is called parabolic (resp. hyperbolic) if —A is critical (resp. sub- 
critical) in Cl. For a thorough discussion of the probabilistic interpretation 
of criticality theory, see |40| . 



Next, we define null- criticality. 

Definition 2.8. We say that the operator P — W is null-critical (resp. 
positive critical) in Cl with respect to the measure Wdv if P — W is critical in 
Cl, and (poPo ^ L 1 (fi*, Wdis) (resp. t^o^o G L l (Cl*, Wdu)), where ipo, and 
<Pq are the corresponding ground states of P — W and P* — W in fi. 

Positive criticality is closely related to the large time behavior of the heat 
kernel (see, [35] )■ Moreover, in the symmetric case, it is equivalent to the 
existence of a minimizer for the corresponding variational problem. Indeed, 
let q be the quadratic form associated to a subcritical operator P in fL 

1 2 

Consider the space Vp (SI), the completion of Cg°(f2) with respect to the 
norm u i— > \J q(u). Since P is subcritical, we know that V'/(n) ^ W^(Q) 
(see [38]) and Ao(-P, W, fi) is characterized by the Rayleigh-Ritz variational 
problem: 

A = inf - g M . (2.6) 
uev^mio} J n u 2 Wdu 

We have (see [371 Lemma 1.1]): 

Lemma 2.9. Assume that P is symmetric, and W > in Q. Then P — W 
is positive-critical in Q if and only if the infimum in the variational problem 
(|2.6p is attained, and the infimum is equal 1 . Furthermore, if it is the case, 



1 2 

then the corresponding ground state ipo satisfies ipo £ T> p ' (ft), and realizes 
the infimum uniquely (up to a multiplicative constant). 

Finally, we define precisely what we mean by saying that W is "as large 
as possible" weight function (cf. Definition 1 1 . 2[) . 

Definition 2.10. Let P be a subcritical operator in £1. A nonzero nonnega- 
tive function W is said to be an optimal Hardy-weight with respect to P and 
the domain £1 if P — W is null-critical in fi, and for any A > 1, the operator 
P — XW is supercritical in any neighborhood of infinity in £1. 
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The following theorem provides the precise formulation of the main result 
of this paper; i.e. the existence of an optimal Hardy-weight (cf. Theo- 
rem 11.31) . 



Theorem 2.11 (Main Theorem). Let P be a subcritical operator in £1, and 
let G(x) := Gp(x,0) be its minimal positive Green function with a pole at 
£ £1. Let u be a positive solution of the equation Pu = QinVt satisfying 

hm 9& = 0, (2.7) 

z->oo u{X) 

where oo is the ideal point in the one-point compactification ofVL. Consider 
the positive supersolution 

v := v 7 Gu 

of the operator P in Q* . Then the associated Hardy-weight 

G" 



v 4 



Vlog 



u 



(2.1 



is optimal with respect to P and the punctured domain fi*. 

Assume further that P is symmetric, and that W is positive in Q*, then 
the spectrum and the essential spectrum of the Friedrichs extension of the 
operator W~ l P on L 2 (Q* ,W dv) is equal to [l,oo). 

Remark 2.12. 1. If P is a symmetric operator, or more generally if 
Gp(x, y) >c Gp(y, x), then a global positive solution u satisfying f|2.Tj) always 
exists [5]. 

2. If uo, u\ are two positive solutions of Pu = near infinity in 17 such 
that 

hm ^4 = 0, (2.9) 

then uq is a solution of minimal growth in a neighborhood of infinity in 
(see Proposition ^. ip . Therefore, in Theorem 12. Ill we must take uq = G (the 
Green function) as a solution satisfying (12. 9p . 

3. By the uniqueness of the ground state, it follows that the function 
V Gu is the ground state of P — W in £7*. 

As a consequence of the criticality of P — W, we get the following positive 
Liouville theorem: 

Corollary 2.13. Under the assumptions of Theorem \2.11l suppose that v 
is a positive supersolution of the equation (P — W)w = in Q* . Then v is 
actually a solution of the above equation, and is equal (up to a multiplicative 
constant) to y/Gu. 

We prove Theorem 12.111 in four steps, see theorems 14.21 EZl 16.21 and 17.41 
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2.1. Ground state transform. We recall a standard procedure to elimi- 
nate the zero-order term of the operator P. Denote by V the space Cf'^(fl) 
(resp. w£ c 2 (0)) if P is of the form {2J]) (resp. <ET2jl ). Let h G V be a 
positive continuous function and define a map 

T h :V^V, v^^. (2.10) 

The operator P^ := IX o P o T^ -1 given more explicitly by 

P(hu) 

P h u = 2.11 
h 

is called the h-transform of P. 

Fix </? G Cp(Q). Then the corresponding fa-transform is called a ground 
state transform. Clearly, 



P v l = 0. 



Moreover, we have 



Proposition 2.14 (Ground state transform). Let tp G Cp(Q), and let P v be 
the corresponding ground state transform. Then 

X (P V , W, n) = A (P, W, O), A DO (P^, W, tt) = Aoo(P, W, 0). 

Moreover, P^ is subcritical in fi if and only if P is subcritical in £1. 

The map 2^>|vnL 2 (c, &v) extends to an isometry between L 2 (Q, du) and 
L 2 (il, tp 2 dv). In the symmetric case this implies that P and P^ are unitary 
equivalent. 

Proof. The map T v respects the structure of positive solutions, 

T ip Cp(n) = c P ^n), 

and preserves support of functions, namely suppu = suppT^f. The claim 
about Ao and Aqo then follows from their definitions and Proposition 12.51 
The last two claims about the isometry are standard. When P is symmetric 
it provides independent proof of the spectral claims of the proposition. □ 

We note that in the subcritical case, the corresponding Green function 
satisfies 

Gp (x,y) = —j-^-Gp(x,y)(p(y). 

On the other hand, in the critical case 1 is the ground state of the equation 
P<pU = in Q. In addition, if the operator P is symmetric of the form (|2,4D . 
then 

P u = — ^div(<^ 2 ^(x)V'u), (2.12) 
and Pp is manifestly symmetric in L 2 (f], ip 2 &v). 
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Calculations are genuinely simplified after a ground state transform. In- 
deed, if PI = 0, then 

P(uv) = uP(v) - 2AVu ■ Vv + vP(u), (2.13) 

P(M) = f'(v)P(v) - f"(v)\Vv\\, (2.14) 
holds for all functions u, v S V and / E C 2 (R). 

3. Construction of Hardy-weights 

The construction of the optimal Hardy-weight using the supersolution 
method is based on the following simple observation ([32] Theorem 3.1]) 

Lemma 3.1 (Supersolution construction). Let Vj be two positive solutions 
(resp. supersolutions) of the equation Pu = 0, j = 0, 1, in a domain 0, and 
let v := v\/vq. Then for any < a < 1 the function 

v a (x) := (ui(x)) a (vo(x)) 1_a = v a (x)v (x) (3.1) 
is a positive solution (resp. supersolution) of the equation 

[P - 4a(l - a)W(x)] u = in Q, (3.2) 
where W is the Hardy-weight given by 

W(x) := > 0. (3.3) 

In fact, vj are linearly independent if and only ifWy^O. 

Proof. The proof is obtained by a straightforward calculation (see [321 The- 
orem 3.1], or by using the ground state transform with respect to vq, and 
then (|2.13p and (|2.14|) ). The nonnegativity and non-triviality of W follows 
from the ellipticity condition (|2.3|) . □ 

Optimizing (|3.2p in a, we find for a = 1/2: 

Corollary 3.2. The function ^/vqUi is a positive (super) solution of the equa- 
tion 

[P-W(x))u = intt. 
In particular, P — W > in f2. 

We call the above procedure the supersolution construction, and the cor- 
responding potential W is called a Hardy-weight. When Vj are solutions it 
is often useful to apply the ground state transform with respect to vq. This 
/i-transform maps the pair of solutions (vq, V\) of P to a pair of solutions 
(1, Vi/vq) of the equation P VQ u = 0. For example, (13. 2|) is then obtained 
by applying (pTTIj) and (12341 with P = P Vo , and f(t) = t a . Note that the 
Hardy-weight W is unchanged under this ground state transform. 
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Remark 3.3. Lemma 13. II has a straightforward generalization to the case 
when Vj are (super) solutions of (P — Vj)vj = 0, j = 0, 1 (cf. [32], Theo- 
rem 3.1]). In that case v a is a (super)solution of the equation 

[P + (1 - q)V + aVi - 4a(l - a)W] u = 0. (3.4) 

Example 3.4. Suppose that P = —A, and assume that f! is a smooth 
bounded convex domain. Consider the function vq(x) := 5(x) := dist(a;, dSl) 
which due to the convexity is a positive superharmonic function in Si, and let 
vi := 1. Then the associated weight W(x) = 5(x)~ 2 /4 is the corresponding 
Hardy- weight, and we get the well known Hardy inequality |28j 

^|V^| 2 dx>^J^dx V^GCnO). (3.5) 

It is known |28j that the operator — A — W is subcritical in Si, but 

A (-A, 5(xy 2 , n) = A oc (-A, 5(x)~ 2 , SI) = 1/4. (3.6) 

That is, 1/4 is the best constant in the above inequality in a strong sense. 
In fact, (|3.6p can be deduced from Theorem 15.21 (see Example 1 10.2j) . Note 
also, that if one takes instead the superharmonic function vq(x) = 5(x)P 
with < P < 1, then one obtains the Hardy inequality without the best 
constant. 

The supersolution construction can be generalized to the case of finitely 
many positive supersolutions. 

Proposition 3.5. Suppose that P > in SI, and let u±, . . . ,un be positive 
(super) solutions of Pv = in SI. Let a±, . . . ,ayv be nonnegative numbers 

such that X^j=i a i = 1- 
Then 

N 

><■■ n u ? ( 3 - ? ) 

is a positive supersolution of the equation Pv = in SI. Moreover, u is a 
positive (super) solution of {P — W)v = in SI, where 



i<j 







Vlog 









OPTIMAL HARDY-TYPE INEQUALITY 

Proof. Consider the function u denned by (|3.7p . We compute that 

PUi 



Pu 



N 

i=i 



-U 



15 



2 c^ay ( A 
i<j \ 



V=i 



■it; 



i<j 



Viti 



2 
A 



u 



N 



N 



8=1 



Vm, 



since by hypothesis J2iLi a i = !• 



□ 



The supersolution construction given in Proposition 13.51 will be used in 
Section [9l where we study the case of a subcritical operator which is defined 
on a manifold M with N ends, with N > 2. 

Let us focus again on the case of two ends. Let W be the Hardy-weight 
given in Lemma 13.11 by (|3.3p • The set of solutions of the equation 

(P - XW)u = in n 

for A £ R plays a crucial role throughout the article. Indeed, under the 
assumptions of Lemma 13.14 for A < 1 the equation P — XW admits two 
positive (super)solutions 



v a± (x) = (vi(x)) a± (v Q (x)) 



, 1— OH 



where a± :- 



1 ± VT^X 



(3.8) 



At the maximum A = 1 the construction gives a (super) solution v\/2 of 
(P — W)u = 0. We obtain a second solution for A = 1 by differentiating 



with respect to the parameter a and substituting a 
d a {[P - 4q(1 - a)W{x)]v a }\ a=i ={P-W) 



2' 



■S/VQVI log 



0. 



To avoid justification of the differentiating with respect to a, we give an 
independent proof of this formula. 

Lemma 3.6. Assume that P is a subcritical operator in 0. Let Vj be two 
linearly independent positive solutions of the equation Pu = in Q, where 
j = 0,1. Let W be the associated Hardy-weight given by (|3.3p . Then the 
equation 

(P-W)u = infl, (3.9) 
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admits a solution w := ^vqV\ log 




Proof. In light of the ground state transform with respect to the function 
vo, we may assume that vq = 1, and let us denote v := v±. So, PI = Pv = 
and, by the construction of W, (P — W)v 1 ^ 2 = in Q. Then using (|2.13p 
and (|2.14p we obtain 

P{v 1/2 logv) = P(v 1/2 )logv - 2AVv 1/2 ■ Vlogv + v 1/2 P{logv) 
= P(v 1/2 )logv + v 1/2 -P(v) 

V 

= Wv 1/2 logv. □ 

Remark 3.7. Another way to understand the log- type solution is as follows. 
Suppose that P is of the form Pu = — div(ylVii), and let v be a nonconstant 
positive solution of the equation Pu = in Q. Then by the supersolution 

construction with respect to the solutions 1 and v we have (^P — W^j v 1 / 2 = 

0, where W is the Hardy- weight. Moreover, by (|2.12p . the ground state 
transform with respect to v 1 ^ 2 gives 

(P - W) ft(u) = div(v AVu), 

v v 

which readily implies an equivalent formulation of Lemma I3.6( 

(P-W)^logv = 0. (3.10) 

4. The criticality of P - W 

In the present section we prove the first assertion of the main theorem 
(Theorem 12. lip . Namely, we prove that under assumption (|2.7p . the opera- 
tor P — W is critical in CI*. We start with a preliminary result. 

Proposition 4.1. Let P be a second-order elliptic operator in fl and let 
no, u\ be two positive solutions of Pu = near infinity in fl such that 

hm ^44 = 0. 

Then uq is a solution of minimal growth in a neighborhood of infinity in Q. 

Proof. Let if be a smooth compact set in £1 such that uq and u\ are positive 
and continuous in (Q, \ if) U dK , and are solutions of Pu = in Q \ K. Let 
{flk} be an exhaustion of f2, such that K C £lo, and let Wk be the solution 
of the following Dirichlet problem: 

r Pw k = mn k \K, 

{ Wk(x) = uq on dK, (4-1) 

I Wk(x) = on dVtk- 

Then by the generalized maximum principle, {u)fc}fceN is an increasing se- 
quence of nonnegative functions, satisfying w k < uq, and therefore, converg- 
ing to a positive solution w of Pu = in 0, \ K, that clearly has minimal 
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growth at infinity in Q. Thus, it is enough to show that uq = w in O \ K. 
We obviously have w < uq. On the other hand, by hypothesis, if e > 0, 
there is k e such that uo < eu\ on dflk, for every k > k e . By the generalized 
maximum principle, this implies that uq <Wk + £U\ in Vtk \ K and it follows 
u < w + eu\ in O \ K. By letting e — > 0, we conclude that uq < w. Thus, 
uo = w in £1 \ K. □ 

We are ready to prove the criticality statement of Theorem 12.111 

Theorem 4.2. Under the hypotheses of Theorem \2.11\ the operator P — W 
is critical in f2* := ft \ {0}, and has a ground state V Gu. 

Remark 4.3. 1. Theorem 14.21 readily implies, that A = 1 is the best con- 
stant for the validity of the inequality P — \W > in $7*. In particular, 
in the symmetric case, it follows that the best constant for the Hardy-type 
inequality (|2.5p is Ao = 1. 

2. Theorem 14 . 2 1 implies also that V Gu is the unique (up to a multiplicative 
constant positive solution of the equation (P — W)w = in 0*. Hence, for 
A < 1 the positive Liouville theorem holds true for the operator P — \W in 
tt* if and only if A = 1 (cf. Corollary EE]) . 

We present three proofs of Theorem 14.21 The shortest one uses the log 
solution for P—W, as well as the notion of minimal growth and is as follows: 

Proof of the Theorem \4-%\ By Corollary 13.21 and Lemma 13.61 the equation 
(P — W)u = admits two solutions 

uo = V Gu and u\ = —V Gu log 

By assumption (|2.7p . these solutions are positive near infinity and 

lim ^44 = 0. 

Proposition 14.11 then implies that uq is a positive solution of the equation 
{P — W)u = of minimal growth in a neighborhood of infinity in Q,. By 
the same argument and using the positive solution —u\ in a neighborhood 
of zero, we conclude that uq has minimal growth in a neighborhood of zero. 
Lemma [8.31 implies now that uq has minimal growth at infinity in 0*. There- 
fore, Uo is a ground state of P — W in Q*, so, P — W is critical in O*. 

□ 

Alternative proof 1: Let a S (0, 1/2) and consider v a := G a u 1 ~ a (cf. (|3.ip ). 
Then v a and un_ a ) are positive solutions of P — 4a(l — a)W that satisfies 

v a 

Therefore, assumption (|2.7p and the singularity of Green's function at 
imply 
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lim^# = and lim V J&L = Q, 

x^oo V a {x) x ^ 0v (l-a)( x ) 

Consequently, applying Proposition 14.11 we deduce that v a has minimal 
growth at zero, and Vn a \ has minimal growth at infinity (both for the 

operator P — 4a(l — a)W). This implies that V Gu = limo,^^ v a = 
lim Q ,_ !>1 / 2 U(i_ a ) has minimal growth at zero and at infinity for P — W, as 
we explain now. 

Indeed, let v be a positive supersolution for P — W in a neighborhood of 
zero, that we assume for simplicity to be B(0, 1) \ {0}. Then v is a positive 
supersolution of P — 4q(1 — a)W in B(0, 1) \ {0} for < a < 1. Since on 
dB(0, 1), i> and u a are bounded above and below by positive constant that 
does not depend on a, we deduce that there is a constant C independent of 
a such that 

V a < Cv. 

Letting a — > 1/2, we deduce that 

VGu < Cv, 

hence V Gu has minimal growth at zero. The proof at infinity repeats the 
same argument with the solution V(\_ a y □ 

Alternative proof 2: Here we explain how to prove the criticality of P — 
W, using once more the log solution, but without the use of the notion of 
minimal growth. By performing a ground state transform with respect to 
u, we can assume that u = 1. 

We need to prove that the operator Q := P — W is a critical operator 
in 0*. Notice that the supersolution construction gives that Q(G 1 / 2 ) = 
on O*, where G is the Green function for P with a pole 0. Let us perform 
a ground state transform for Q with respect to its positive solution G 1 / 2 . 
We get a second-order elliptic operator Q := Q G i/2- By Lemma [2.141 the 
operator Q is critical in $7* if and only if Q is critical in 0*. By Lemma 13.61 
(cf. Eq. (I3TT0D ) we have, 

Q(log(G)) = in n\ 

So, in f2*, we have two solutions of the equation Qu = 0, namely 1 and 
w := log(G). Note that 

lim w(x) = — oo, lim w(x) = co, 
x— s>oo x— >0 

where the first limit is due to our assumption (|2.7p . 

We claim that this implies that Q is critical in f2* (this is reminiscent of 
the Khas'minskii criterion for recurrency, cf. [40], see also a related claim in 
[33 Corollary 3.10]). 

Assume on the contrary that Q is subcritical in $7*, and let G(x) = 
G^ (x,xi) be the corresponding Green function with a pole at x\ € $7*. 
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Let K be a compact annular domain around containing x\ such that 
G{x) = M on the inner boundary and G(x) = M _1 in the outer boundary, 
where M > 1 is a large positive number. So, O = Kq U K U i'Too where -Ko 
is a neighborhood of 0, and is a neighborhood of oo. 
By the minimality of G and the fact that Ql = 0, we have 

inf G(x) = 0. 
xefi* 

Therefore, either liminf x _>.o G(x) = or lim inf^^oo G(x) = 0. Suppose first 
that lim inf G{x) = 0, and let 

D° k := {x € K \ M < G{x) < k}. 

is a union of open, relatively compact, connected sets in Q,*, whose 
boundaries are contained in {x : G{x) = M}L){x : G(x) = k}. Furthermore, 
the sequence {-D°}fc 6 N is increasing and is an exhaustion of Kq \ {0}. Let vu 
be the solution of the Dirichlet problem 

in Dl 

on dDl n {x : G(x) = M}, (4.2) 
on dDl n {x : G(x) = k}. 

Let C > such that G > C~ 1 on {x : G(x) = M}. Then by the maximum 
principle < < CG. For k big enoug h, the set dD° k n {x : G(x) = 
M} is independent on k, and by the maximum principle Vk is a bounded 
nondecr easing sequence, converging to a positive function vq which solves 
the equation Qu = in Kq \ {0}, and satisfies v$ < CG in Kq \ {0}. On the 
other hand, we have an explicit formula for v k : 

. . log k — w(x) 
v k (x) - 




log k — log M 



Hence vq = 1, and consequently G > C^ 1 in Kq \ {0} which contradicts our 
assumption. 

A similar argument shows that lim inf^^oo G(x) = cannot happen. 
Hence, we obtain the contradiction to the our assumption that Q is sub- 
critical in f2*. □ 



5. Xoo{p,n,w) = i 

In the present section we prove that for any A > 1 the equation (P — 
XW)u = does not admit any positive solution neither in any neighborhood 
of infinity in O, nor in any punctured neighborhood of 0. 

We first state the following lemma which extends Lemma 13.11 concerning 
the supersolution construction. The proof is obtained by a direct computa- 
tion. 
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Lemma 5.1. Let Vj be two positive solutions of the equation Pu = 0, j = 
0, 1, in a domain £1, and let v := v\/vq. Then for any A S R and a S C 
satisfying A = 4a(l — a), the function 

v a (x) := (vi(x)) a (uo(x)) 1_a = v a (x)v (x) (5.1) 
zs a solution of the equation 

[P - XW(x)]u = inQ, (5.2) 

where 

W(x) := > 0. (5.3) 

4tr 

Our main result of this section is given in the following theorem. 

Theorem 5.2. Under the assumptions of Theorem \2.11\ 

A^P.W.n) = \ 00 {P,W,V k ) = 1. 

In other words, for any A > 1 the equation {P — XW)u = does not admit 
any positive solution neither in any neighborhood of infinity in £1, nor in 
any punctured neighborhood of 0. 

Proof. To simplify the notations we assume that u = 1 in the assumptions 
of Theorem 12.111 (in particular, PI = in Jl). The general case then follows 
by ground state transform (see Proposition 12.14] ). 

Fix A > 1 and K a compact subset of containing 0. We need to show 
that the operator P — XW cannot be nonnegative on K c := £1\K. 

By Lemma |5.1[ we have 

(P - XW) G a = in K c , 

where a is a complex number satisfying 4a(l— a) = X. Inverting the relation, 
we get that 

(P - XW) = 0, 

where 

By taking the real part 

tp := <Rt(G^ +i Z) = G 1 ' 2 cos (£ log(G)) , 

we obtain an oscillatory solution of the equation 

(P - XW) u = in K c . 

We claim that the existence of such an oscillatory solution ip implies that 
P — XW is supercritical in K c (i.e. P — A ^ in K c ). 

Indeed, since lim^^oo G(x) = 0, we can find a connected component U of 
the open, relatively compact set {x : < a < G(x) < b} contained in K c , 
where a and b are chosen so that 

cos (£ log a) = cos (£ log b) = 0, 
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and such that <p has a constant sign on U, for example <p > on U. Then 
since <p vanishes on the boundary of U and is positive on U, it has a local 
maximum point in U. If the generalized maximum principle for P — XW 
would hold, we would deduce that ip is zero on U, which is a contradiction. 
Therefore, the generalized maximum principle for P — XW does not hold in 
K c , and hence P — XW ^ in K c . Since K is an arbitrary compact set 
containing 0, it follows that P — XW cannot admit a positive (super)solution 
in any neighborhood of infinity in f2. 

Similarly, one shows that for any A > 1, the generalized maximum prin- 
ciple for P — XW does not hold in any punctured neighborhood of the ori- 
gin. □ 

The next result demonstrates that the asymptotic behavior of the con- 
structed optimal Hardy-weight near is exactly like the classical Hardy 
potential near the origin. Without loss of generality we may assume that 
the matrix A = (a* 3 ') at is equal to the identity matrix. 

Theorem 5.3. Assume that n>3, the coefficients of P are smooth enough 
near 0, and a lJ (0) = 5ij. Suppose further that the assumptions of Theo- 
rem \2.11\ holds true. Then 



n 



lim \x\ z W(x) = C H -- 
x—>o V 2 

Proof. It is well known that near the origin we have G(x) ~ |x| n_2 . More- 
over, using [27] we know also the asymptotic near of |VG(x)|. Hence, an 
elementary calculation shows that 

lim 1 1 1 V = C H . 

□ 

We conclude the section with a result demonstrating that in the symmetric 
case, Theorem 15.21 implies that the decay of the weight W near infinity is 
"optimal" in the following sense. 

Corollary 5.4. Suppose that P satisfies the assumptions of Theorem \2.11\ 

and assume further that P is symmetric. Then for every A > 1 and every 
locally regular potential W such that W = W outside a compact neighborhood 
of 0, the (Friedrichs extension of the) operator P — XW has an infinite 
negative spectrum, in the sense that 

sup{dim(F) : F C Vp 2 (q), q\ F < 0} = oo, 

where q is the quadratic form associated to P — XW . 
In particular, if 

lim W(x) = 0, 

x— >oo 

then (the Friedrichs extension of) P — XW has an infinite number of negative 
eigenvalues accumulating at zero. 
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Proof. In view of X OQ (P, W, 0) = X OQ (P, W,Q), the first part follows from 
Theorem 15.21 and Proposition 1 in [T7]. In fact, \ 00 (P,W,£l) = 1 implies 
that for every A > 1, the operator P — XW cannot be nonnegative in any 
neighborhood of infinity, that is A 00 (i- > — XW, < 0. For the sake of 
completeness, let us recall [H] that the operator P— XW has a finite negative 
spectrum if and only if Xoo(P — XW, 1, fi) > 0. 

The negative spectrum is the union of the negative essential spectrum and 
the negative eigenvalues of finite multiplicities. However, under the condi- 
tion lim a ;_ 5 . 00 W{x) = 0, the essential spectrum of the Friedrichs extension 
of P — XW is contained in [0, oo). □ 



Under the hypotheses of Theorem 12.111 we know (by Theorem 14. 2p that 
the operator P — W is critical in 0*. Let <po be the ground state of P — W, 
and <Pq be the ground state of P* — W (which is also a critical operator in 
Q*). In this section we study integrability properties of these ground states. 
In particular, in the symmetric case, we study whether the ground state 
belongs to L 2 (Q*, Wdu). Note that since <po is continuous its integrability 
is determined by its behavior at infinity and zero. 

Definition 6.1. Assume that P — W is critical in O,*, and let (po and y?Q be 
the ground states of P — W, and P* — W, respectively. We say that P — W 
is null-critical at infinity if 



for (any) compact set K containing zero. Similarly, we define null-criticality 
at zero. 

We have: 

Theorem 6.2. Under the assumptions of Theorem \2.11\ the operator P—W 
is null-critical at infinity and at zero. 

Remark 6.3. In the symmetric case, the null-criticality at zero follows at 
once from Proposition [5T3J In fact, in the symmetric case, the null-criticality 
both at zero and at infinity follows readily from Corollary 17.31 

Proof of Theorem \6.2l Recall that the explicit form of </?o is known. On 
the other hand, in contrast to the symmetric case, the explicit form of ip^ 
is unknown in the nonsymmetric case. Consequently, the proof is much 
subtler. Therefore, to illustrate the idea of the proof in the general case, we 
first present the proof in the symmetric case. 

So, let us first assume that P is symmetric. We assume as before that 
PI = 0, the general case then follows by the ground state transform. Recall 
that for £ > 0, the function 



6. Null-criticality 




n := G 1 / 2 cos(£log(G0) 
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solves the equation 

(P _ (4£ 2 + l)W)u = 0. 

In particular ipo = G 1 ^ 2 is the ground state. 
Define a set 

n r .= L : <logG(x) <o| (6.1) 

and consider the solutions ipg, tp^. These solutions as formal eigenfunctions 
of a mixed value boundary problem on lead to the following orthogonality 
relation 

/ (ptfat Wdv = 0. (6.2) 

Let us prove (|6.2p in detail. Assume first that is regular enough, then 
we have the following Green formula for P: 

( {P[<P(\m-n P M) dj/= [ Uv[^]^-AV[ m ] n ,a)da, (6.3) 

where da is the induced measure on dtl^ and a is the outward unit normal 
vector field on d£l^. By construction, the functions (pt, (p^t vanish on the set 
log G = — 7r/(2£). On the other hand, on the part of the boundary contained 
in {log G = 0} we have 

ip{ = 1 and = V(^o (6-4) 



for all £. It follows that the right hand side of the Green formula (|6.3p 
vanishes. This establishes (16. 2j) since the left hand sides of f)6.2f) and (|6.3j) 
are nonzero multiple of each other. 

For a nonregular Q,^ the claim follows by approximation of by regular 
domains. 

Now, assume that ipo E L 2 (Q\ K, Wdv) and note that 

\<Pt\ < 

for all £ > 0. Letting £ — >• in (|6.2p . we conclude by the dominated conver- 
gence theorem that 

/ iplWdv = 0, 
J{G<1} 

which is a contradiction since (po > and VF^0on{G<l}. The proof of 
the null-criticality near zero is analogous. 

The general case: The proof follows the same idea as above, but since an 
explicit formula for the ground state (Pq of the adjoint operator P* — W is 
not available, we construct instead an approximating sequence for <Pq . 
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Consider the domain fl^ defined by (|6.ip . and let </?| be the solution of 
the Dirichlet problem 

' (P* - W)u = in % 

u{x) = ifl on {log G = 0}, (6.5) 

k u(x) = on {logG = -tt/( 2 0} • 

Since P* — is subcritical in f^, the generalized maximum principle implies 
that is positive, </?| < </?q on f^, and the sequence is increasing with 
respect to £. 

Therefore, as £ \ 0, we have </? | — >■ (p* < locally uniformly in fl* \ K, 
where K = {G > 1} is a neighborhood of zero, and (p* is a nonnegative 
solution of the equation (P* — W)u = in Q \ K. Since is a ground state 
of P* — W in Q*, it has minimal growth at infinity of O, and hence (^q < <p* . 
Thus, p>* = </?q, and we obtain 

lim (pi = <Pq. 

We use Green's formula for the operator Q := P — W: 

[ Q[u\<p\ dv= \ (Q[u\tp\ - uQ*[ip*A) dv = B.T. , (6.6) 

where u is either tpg or cp^, and B.T. is the corresponding boundary term. 
We claim that B.T. is independent of the choice of either ip^ or ip^. Indeed, 
the claim readily follows from (|6,4p . (j6.5|) . and the explicit form 

B.T. = [ (AV^oK " AV[<p1]<p + b^Vo " tWo, *) da. (6.7) 



We have 



/ ±£y i y\Wdv = [ Q[<pe]<ptdu = B.T. 
J(i e J(i e 



Hence, 



/ <P£<pl Wdv = 9 / (p3£ ip*^ Wdv. 



Assuming that (pQip^W is z/-integrable in Q \ K, we can pass to the limit 
£ — > and obtain the contradiction 1 = 9. The case of a nonregular domain 
il^ can again be treated by approximations. The proof of null-criticality 
near zero is analogous. □ 

Corollary 6.4. Assume that P is subcritical in f2, symmetric in L 2 (Q, dv), 
and PI = 0. Then 

^ (6.8) 
is not v-integrable neither near nor near infinity in CI. 
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7. The essential spectrum 

In the present section (unless otherwise stated), we assume that P is a 
symmetric subcritical operator in £1. We continue our study of the supersolu- 
tion construction with the pair (u, G), where G(x) = Gp(x, 0) and u satisfy 
(|2.7j) . Moreover, throughout this section we assume that the corresponding 
(optimal) Hardy- weight W is strictly positive in 0*. 

Remark 7.1. A natural question is to find sufficient conditions for the 
strict positivity of W near infinity in 0. Recall that the unique continuation 
property holds true for a second-order elliptic equation Pu = in f2 if the 
coefficients of P are smooth enough (see for example [22] ). Since G/u is 
a positive solution of a second-order elliptic equation, and the zero set of 
the above optimal Hardy-weight W is equal to the zero set of |V(G/u)|, it 
follows that under appropriate smoothness assumptions, the zero set of W 
has an empty interior. 

Recall that for A > 1, the functions 

<Pt := <pfa x) = ui-J exp(i£ Iog(G/«)) (7.1) 

with £ = ±y/\ — 1/2 solve the equation 

(P - XW)u = (P - (1 + Af )W)u = in ft*. 

So, for any A > 1 the equation (P — XW)u = admits (at least two) "non- 
growing" generalized eigenfunctions. Therefore, Snol's principle (or Bloch- 
type property) suggests that the spectrum a and the essential spectrum <7 ess 
of W~ 1 P in L 2 (Q*, Wdv) is equal to [l,oo). In fact, for such an operator 
P, we find an invariant subspace "spanned" by the functions tpg on which 
P has a canonical form with purely absolutely continuous spectrum that is 
equal to [1, oo). 

Define W ra d(^*) to be the space of measurable functions that are propor- 
tional to u on the level sets of G/u, and denote by L^ ad (0*, Wdv) the space 
L 2 (n*,Wdu)r\U rad {fl*). Explicitly, v G W rad (ft*) if and only if v = uf(G/u) 
for some measurable function / : (0, oo) — > C. 

Lemma 7.2. Under the normalization n(0) = 1, the map 
L 2 ad (n\Wdv) -> L 2 ((0, oo),^d^, 
v = uf(G/u) ^ f(t), (7.2) 

is an isometry. 

Proof. Assume first that P has smooth coefficients. Then by Sard's lemma, 
almost every point t G is a regular value of the function G/u, and 
hence for such points t, the set {G/u = t} is a smooth (n — l)-dimensional 
submanifold. Note also that the function W\\/(G/u)\~ 1 is smooth in Q,* (see 
the computation below). 
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On the other hand, by Green's formula, for any smooth neighborhood Q 
of 0, we have 

f (uAVG - GAVu, 5) da = 7, (7.3) 
Jan 

where 7 = u(0) = 1. 

Consequently, the coarea formula and (|7.3p imply that for any two func- 
tions in L 2 ad (f2*, Wdv) we have 




= ^ dtf(t)g*(t)-^ [ ((uAVG-GAVu),a)da 

Jo 4 * J{G/u=t} \ 1 

= J™ f(t)g*(t)±dt, (7.4) 

where in passing from the second line to the third line of (17.4j) we used the 
coarea formula, and that V(G/u) is parallel to the normal vector a of the 
level set {G/u = t}, and therefore, 

W _J \V(G/u)\\ (AV(G/u), 3) 

|V(G/n)| 4 ( G/n ) 2 |V(G/«)| 4*2 

Hence, in the smooth case we have the isometry 

/ n .» / (!) , «*(f) w ' ch '=r /(i)! '* (f) i? d( - p - 5) 

The regular case is obtained by a standard approximation argument (note 
that one may assume that u = 1). □ 

In the sequel of the present section, we assume that the positive solution 
u is normalized so that u(0) = 1. 

Before proceeding with the study of the essential spectrum we note that 
the proof of Lemma 17.21 implies the following corollary, which allows us to 
estimate in average the potential W, and provides (in the symmetric case) 
an alternative proof of the null-criticality of the operator P — W near and 
00. 

Corollary 7.3. Suppose that the hypotheses of Theorem \1.3\ are satisfied, 
and that u(0) = 1. Then for any < a < b and £ € R we have 

[ uGWdv= [ \^\ 2 Wdv= i(log6-logo). (7.6) 
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Proof. As in (|7.4p . we use the coarea formula on the domain {a < ^ < b} 
(instead of the domain Ct*) with the functions f(x) = x and g(x) = 1, to 
obtain 

f uGWdv = \ I r 1 dt = \(\ogb-\oga). 



□ 



Theorem 7.4. Suppose that the hypotheses of Theorem \1.HA are satisfied, 
and W > in CI*. T/ieri i/ie spectrum a and the essential spectrum o~ css of 
(the Friedrichs extension of) P := W~ 1 P acting on L 2 (Cl*, Wdv) satisfy 

a(P,Cl*) = a^(P,Cl*) = [l,o ). 

In fact, the spectrum of P restricted to L 2 ,(Cl*, Wdu) is purely absolutely 
continuous with respect to the Lebesgue measure. 

Moreover, for any neighborhood U C CI* o/O or infinity of CI, the (essen- 
tial) spectrum of the Friedrichs extension of the operator P on L 2 (U,Wdi') 
satisfies 

a(P,U) = a css (P,U) = [l,oo). 



Proof. Using formulas (|2.13p and ()2.14|) we find that 

1 : P (uf(G/u)) = -4«/"(G/«) (-) . (7.7) 



W 

This proves that Lj? ad (CI*, Wdv) is an invariant subspace of P, and the 
operator restricted to this subspace is unitarily equivalent to the symmetric 
operator 

D : L 2 UO, oo), ± dt) -> £ 2 ((0, oo), -L dt 
defined by 

(Df)(t) := -4i 2 /"(i). (7-8) 

The spectral representation of D, in terms of the Mellin transform (with 
n = 1), has been derived in the Introduction (see in particular, (jl.lOp ). More 
explicitly, it is the composition of the Mellin transform with the isometry 
from L 2 ((0, oo), -Azdt) to L 2 ((0, oo), dt), which is given by 

/(*) » \f (l) ■ ( 7 - 9 ) 



2 

It follows 

a(D, (0, oo)) = a ac (D, (0, oo)) = [1, oo). (7.10) 
Recall that by theorems 14.21 and 15.21 we have 

a(P,Cl*)=a css (P,Cl*) C [l,oo). 
Therefore, (I7.10P implies that 

a{P,Cl*) = a ess (P,Cl*) = [l,oo). 
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It remains to explain why we can localize the spectral result at a neigh- 
borhood U C Cl* of either or infinity of Cl. 

It is not difficult to check using the above results that P on L 2 ad (CI*, Wdu) 
is unitarily equivalent to the operator 

Df = -4(t 2 /')' defined on L? ((0, oo), dt) . 

Moreover, a neighborhood of (resp. of oo) in Cl* corresponds to a neigh- 
borhood of (resp. of oo) in (0, oo). 

Therefore, it is enough to prove that the essential spectrum of D restricted 
to a neighborhood of or oo in (0, oo) is [l,oo). First, we know that the 
essential spectrum is preserved under compactly supported perturbation, 
and this implies that a ess (D, (0, oo)) is equal to the union of a ess (D, Uq) and 
a ess (D,Uoo), where Uq (resp. U^) is any neighborhood of (resp. oo) in 
(0, oo). Let Uq be a neighborhood of 0, and define Uoo to be the neighborhood 
of oo obtained from Uq by the transformation 1 1— > \. Consider the following 
isometry T between L 2 (Uo,dt) and L 2 (Uoo,dt) given by 

= \t G) ■ 

A computation shows that 

TD = DT, 

and this implies that the essential spectrum of P restricted to Uq is equal to 
the essential spectrum of P restricted to U^ . Since the union of these two 
essential spectra is [l,oo), we get that each one is equal to [l,oo). □ 

Remark 7.5. The latter assertion of Theorem 17.41 provides us with an 
alternative proof (in the symmetric case) that X OQ (P, W, Cl*) = 1. 

Collecting the transformations (|7.2p . (|7.8p . and (|7.9p . we obtain a spectral 
representation of P = W~ l P restricted to L 2 ad (Cl* , Wdv). 

Corollary 7.6. The operator T given by 

•F/(0 : = yf x)W(x)dv(x) £ G M, (7.11) 

(where (p(£,x) is defined by (I7.ip ) is a well defined unitary operator from 
L 2 ad (Cl* ,Wdu) onto L 2 (R, d£), whose inverse is given by 

T- X g(x) = \^- [ g(tM-t,x)d£. 
V vr Jr 

Furthermore, 

T± 7 PT- i f(o = (i+±e)f(o- 
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Remark 7.7. Formula (|7.7[) is valid also in the nonsymmetric case. So, 
the operator P = W~ l P restricted to "radial" functions (i.e., functions in 
^rad(^*) n V) is in fact a Fuchsian-type ordinary differential operator. In 
particular, under the assumptions of Theorem (27TTJ for any A < 1 the set of 
all "radial" positive solutions of the equation (P — \W)u = in 17* (i.e., the 
set Cp_ x (Q*) nW ra d(fl*)) is a two dimensional cone, while by Theorem 14.2^ 
the entire cone Cp_ 1 (£l*) = Cp^wiS^*) is a singleton. 

We provide below a more detailed and explicit construction of the above 
transform T using methods related to classical Fourier transform. This also 
gives independent proof of Theorem 17.41 

Alternative "proof of Theorem \7.4\ The idea is to find a spectral representa- 
tion of P restricted to L^ ad (f2*, Wdu), that is a unitary operator 

U : L 2 ad (Q\Wdu) i-> L 2 (R) 

such that UPU~ l is the multiplication by a real function with values in 
[1, +oo). Since the ground state transform is unitary, we may assume that 
u = 1. For the sake of brevity, we will denote J~f{C) by /(£). We thus have 
to prove that for every / £ Cq°($1*) which is constant on the level sets of 
G, the following two identities hold 

f \f\ 2 Wdv= [ |/| 2 d£ (Plancherel-type formula) (7.12) 
Jn* Jr 

and 

f(x) = \ — [ f(£,) i p(—£,,x)d^ Vi G H* (the inversion formula). 
V vr Jm 

(7.13) 

For a fixed r > 0, we define f2(r) to be the open, relatively compact set 

fi(r) := {-r7r < log(G) < rir}, 
and for any k G Z, we denote 

<p r k (x) := ^ (~> X J = ^ ex P lo g( G )) x G fi ( r )- 

Consider the "torus" T r to be the closure of f2(r) divided by the equivalence 
relation 



x = y <^ log G(x) = log G(y) mod (2nr) . 

The set of complex valued continues functions C(T r ; C) can be identified 
to the set of complex valued continuous functions on the closure of fi(r), 
each of which is constant on the level sets of G, and its value on the set 
{logG = — irr} is equal to its value on the set {logG = irr}. In particular, 
for every k 6 Z, we have exp(i^ log G) & C(T r ; C). We also define the space 
L^ ad (T r ; C), with the induced measure from Q r . We want to decompose 
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the elements of L 2 ad (Q(r);C) in "Fourier series" with respect to the family 
{ip r k }k£%- First, we check the orthonormality. 

Lemma 7.8. For any r > it holds 

— f ip r JflWdv = 5 k i Vk,leZ. 



Proof of Lemma 7.8. Notice that ipj = (p r _ l . If k 7^ I and k 7^ —I, then Lp r k 
and (pi are generalized eigenfunctions of P with different associated eigen- 
values, and to prove their orthogonality we need to establish the identity 



(PM^-^])d, = o. 

To this end, we have to check that the boundary term in the corresponding 
Green formula is zero. This boundary term is given by 

B.T. := [ (AV&IM - AV[tfW k ,a) da. 

We compute 

Vp(f,-) =exp(i£log(G)) (VG 1 ' 2 ) +i^G- 1 / 2 exp(i^log(G))VG. 



Since exp(i^ log(G)) and exp(i^ log(G)) are constant equal to (— l) fc and 
respectively on d£l(r), we have 

B.T. = i(-l) k + l itjzJl f (AV[G],a) da. 
r JdCl(r) 

On the other hand, applying the Green's formula on the pair (1,G), we 
obtain 

/ P[G]ldv- I GP[l]dv= f (AV[G]l-AV[l]G,a) da, 

Jn(r) JU(r) Jdn(r) 

and recalling that we assumed that PI = 0, and that also PG = on O(r), 
we get 



f (AV[G],a) da = 0, 

Jdn(r) 



and thus B.T. = 0. 

If k G Z and I = — k 7^ 0, then <p\<p r _ k = tp^kPo an d the orthogonality of 
if2k and ipo have been already established. On the other hand, for k £ Z, 
and I = k, we have 



[ \ip r k \ 2 Wdu= [ GWdu, 

Jci(r) Jn(r) 



and the integral is equal to nr/2 according to Corollary 17.31 □ 
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Continuation of the alternative proof of Theorem \ 7.4\ ' Since T r is compact, 
the Stone- Weierstrass theorem implies that the vector space generated by 
the sequence { exp(i/c/r log(G))} fegZ is dense in C(T r ; C) (in the topology of 

uniform convergence). Therefore, the orthonormal series {(7rr/2) -1 / 2 (/j£.} fcgZ 
is complete in L 2 ad (Q(r); C). Consequently, by Parseval's equalities, the 
following discrete analogues of (|7.12p and (|7,13p are available for every / G 
^(0(0; C): 

\f\ 2 Wdu 



fcez 



/ 



and 



/to 



V-E/f- 



fc62 



99 ,X 

r 



(7.14) 



(7.15) 



Fix now / G C^°(0*) n L 2 ad (0*, Wdz/), a nd choose r > such that the 
support of / is included in Sl(r) (this is possible since the fact that G tends 
to at infinity implies that {f2(r)} r> o is an exhaustion of 0*). Let us apply 
(|7.14p and (|7.15p to the function g : = exp(ia log(G))/, for a G (0, 1/r): we 
get 



\f\ 2 Wdu=-J2 

lr fcez 



and 



a, 



We integrate these two equalities with respect to a G (0, 1/r): recalling that 
/ has support in f2(r), we obtain 



/ |/| 2 Tydi/= / |/| 2 d£, 



and 



This is exactly (17121) and (|7X3jl . □ 
We conclude this section with the following conjecture that arises natu- 
rally from our study. 

Conjecture 7.9. Assume that 4>q is a ground state of a critical, symmetric 
(with respect to L 2 ($7, dx) ) operator P in £1. For A > let 4>\ be a solution 
of the equation (P — \)u = in £1 satisfying 



Vx g rz, 



(7.16) 
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where C > is a constant. Then A belongs to the spectrum of the Friedrichs 
extension of the operator P on L 2 (Q, dx). 

8. Boundary singularities 

In the present section we explain how our results can be extended to 
the case of boundary singularities, where the singularities of the Hardy- 
weight are located at dfl U {oo} and not at an isolated interior point of fl as 
above. So, we apply the supersolution construction with two global positive 
solutions uq, u\ of the equation Pu = in Vl that have singularities "at 
the boundary", instead of at an interior point, and get an optimal Hardy- 
weight W in the entire domain Q. To understand the setting, we begin by 
presenting an example. 

Example 8.1. Let P = — A, and consider the cone 

n := {x G M. n | r > 0,oj G £} , 

where £ is a Lipschitz domain in the unit sphere »S n_1 C M n , n > 2, and 
(r, uj) denotes the spherical coordinates of x. Let 9 be the principal eigen- 
function of the (Dirichlet) Laplace-Beltrami operator on £ with eigenvalue 
= Ao(£), and set 



2-n+(-l)V(2-™) 2 + 4A 
a,- := . 

Then for j = (resp. j = 1) the positive harmonic function Uj(r,w) : = 
r a W(u}) is the (unique) Martin kernel at oo (resp. 0) |33j . 

Applying the supersolution construction with the pair (uq, ui), we obtain 
the Hardy-weight 

urt \ (n-2) 2 +4A 

w{x) '= Mxf • 

Consequently, the corresponding Hardy-type inequality reads as 

|V0| 2 dx> (n ~ 2 , )2 , 2 +4A ° f^dx V^€Cg°(RJ). (8.1) 
n Jq \x\ 

It follows from Theorem 18.61 that W is an optimal Hardy-weight, and that 
the spectrum and the essential spectrum of W~ l (— A) is [l,oo). Note that 
(|8.ip and the global optimality of the constant is known (cf. [16|, I26|). 

Throughout this section (unless otherwise stated), we assume that the 
Martin boundary 8Q, of £1 and P is equal to the minimal Martin boundary 
and consists of d£l U {£o, where dQ \ {£o) ^i} is assumed to be a regular 
manifold of dimension n— 1 without boundary (in fact, it is enough to assume 
that dfl \ {£o)£i} is Lipschitz and satisfies the interior sphere condition). 
Note that it might be that one or two of the Martin points £cb£i belong to 
dtt (cf. Example EH). 

We denote by 0. the Martin compactification of Q. Hence, 

n : =nu {&,,&}• 
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We assume that there exists a bounded domain Dc!J such that £o and £1 
belongs to two different connected components of ft \ D that are neighbor- 
hoods of £o and £1. 

We need the following definition of minimal growth at a portion of the 
boundary 5£l: 

Definition 8.2. Let uj C 8Vt be a closed set, and let u be a positive solution 
of Pu = in a neighborhood Q,\ C Q of uj. We say that u has minimal 
growth at oj if for every positive supersolution v of the equation Pu = in 
a relative neighborhood of uj, we have 

u<Cv 

in a neighborhood C fii of w. 

We need two lemmas. The first one concerns minimal growth: 

Lemma 8.3. Assume that the coefficients of P are locally regular up to a 
Lipschitz portion T of dVt. Let W be a nonnegative potential which is L^ c 
up to V, such that P — W > in O. 

(1) Let uj C r be the closure of a nonempty open set, and let u be a 
positive solution of P — W in a relative neighborhood of uj. The 
following are equivalent: 

(a) u has minimal growth for P — W at to. 

(b) u vanishes continuously on uj. 

(2) Let uj = u>\ Uw2; where uj\ and ui2 are closed sets in 80,, and let u be a 
positive solution of P — W in a neighborhood of uj. If u has minimal 
growth for P — W at uj\ and at ui2, then u has minimal growth for 
P-W atuj. 

Proof. 1) First, we extend P (resp. W) in a neighborhood U of uj in W 1 
such that the corresponding extension P (resp. W) has Holder continuous 
coefficients (resp. the extension is L°°). If U is small enough, then the 
extended operator P — W is nonnegative in U, and we can find a positive 
solution 6 of the equation (P — W)u = in U. By elliptic regularity, 9 £ 
Cj '"(C/), and therefore P := 6~ 1 (P — W)6 has Holder continuous coefficients 
in On U . By performing a ground state transform with respect to 0, we see 
that it is enough to prove the Lemma for P instead of P — W ; so we will 
assume that u is a solution of P instead. The fact that (la) implies (lb) 
now follows from Lemma 3.2 in |33j. 

For the proof that (16) implies (la) we may assume that uj is bounded. 
Let O C £1 be a neighborhood of uj on which u is a positive solution of 
the equation Pu = that vanishes continuously on uj. Let {^/c}fc£N be on 
exhaustion of ft such that Ok '= Oflfifc is regular. Let w '. — linifc^oQ Wk, 
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where w k solves the Dirichlet problem 



' Pw k = 

< W k (x) = u 

w k (x) = 



on dQ k n dO k . 



on dO n dO, 



in O k , 



k ■ 



(8.2) 



Then w has minimal growth at ui (this follows from the local boundary Har- 
nack principle, see [33]). For every e > 0, we can find ko big enough such 
that u < e on d£l k n for every > ko- Then, since PI = 0, u + e is a 
solution of P, and by the maximum principle u < w k + e. Letting — >• oo 
and then e — >■ 0, we obtain u < w, which concludes the first part of the 
Lemma. 

Part 2) follows directly from the definition of minimal growth. □ 

We now turn to the second Lemma concerning the regularity of the su- 
persolution construction and the corresponding Hardy-weight on a portion 
of the boundary where the solutions uq and u\ vanish. 

Lemma 8.4. Let E be an open subset of d£l. Assume that Q is equipped 
with a Riemannian metric q, regular up to E. Let u$ and u\ be two positive 
functions defined in a neighborhood Q' C of £ that are C 2 up to S and 
vanish continuously on E . Suppose that the gradients of uq and u\ restricted 
to E vanish nowhere. Then 



has a continuous extension up to E (here the gradient and its norm are 
computed with respect to q and not to the Euclidean metric). If, in addition, 
uq/u\ has a continuous extension to E, then uq/u\ is in fact C 1 up to E. 

Proof. Let us denote by a the unit exterior normal to E. Since uq and u± 
vanishes on E, the gradient of uq and u\ are collinear to a on E. Next, we 
claim that near E we have for i = 0,1, 



where 5 is the distance to d£l with respect to the metric given by g, and gi is 
continuous up to E. Indeed, for x\ be a point of E, let j Xl be the unit speed 
geodesic starting at x±, with 7'(0) = — a the interior normal. Let r > be 
the coordinate on 7 (so that r = 5 in restriction to 7 X1 , for r small enough) , 
then the restricting itj (resp. |Viij|) to 7 provides us with a function fi(r) 
(resp. gi (r)). Notice that /< is C 2 , 9i is C 1 and /?(0) = ^(0) = |V«i| + 
(this comes from the fact that Vuj is collinear to a, since Ui vanishes on E). 
A Taylor expansion in r gives (dropping the subscript i) 




Vui\a 



1 

7 +9i 




9(r) g(0)+g'(0)r + o(r) 



1 

= - + 

r 



( 



g'(o) no) 



) 




fir) rf>(0) + %f"(0) + o(r 2 ) 



/'(0) 2/'(0) 
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hence (18. 3p follows. From the same kind of consideration, we get in a neigh- 
borhood of E, 



Ui(x) 



£ 'exp 



where is a continuous vector field defined in a neighborhood of E and 
exp -1 is the mapping sending a point x to the unique point on x\ 6 E such 
that x G 7 a . 1 . The Lemma follows at once, by noticing that 



V 



no fVuo Vu±\ 



and that 



(X - Zi 



V 



□ 



We also need the following analogue of Proposition 14. II for a domain with 
boundary: 

Proposition 8.5. Let P be a second- order nonnegative elliptic operator on 
£1 either of the form (|2.1H or (|2.2h with coefficients that are locally regular 
up to dfl \ {£}, where £ E 5£l. If u and v are two positive solutions of the 
equation Pw = in a relative neighborhood of £, which satisfy 

u(x) 



lim 



0. 



and 6oi/i vanish on a punctured neighborhood of £ in SQ, then u has minimal 
growth at £. 

Proof. The proof is almost exactly the same as the proof of Proposition 14.11 
This time, we take a sequence of bounded sets {£l k := B\ \ B k }, where {B k } 
is a decreasing sequence of relative neighborhoods in of £ converging to 
£ such that d£l k is piecewise smooth. With this definition, {dQ k } exhausts 
a punctured neighborhood £ G <5fi (cf. the proof of Proposition 14. ip . Let 
iu := limfc^oo itffc, where u>fc is the solution of the Dirichlet problem 



Pw k = 



in Qi 



(8.4) 



uJk(x) = u on dB\ \ <9f2, 

w k (x) = on (dQ k Ddn) UdB k . 

The fact that we can actually solve uniquely this Dirichlet problem under our 
assumption follows from the ground state transform trick used in the proof 
of Lemma 18. 3j, which allows us to pass from P to an operator with Holder 
continuous coefficients up to d£l k . It follows (using the boundary Harnack 
principle and arguments similar to those in |33j ) that w has minimal growth 
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at £. The end of the proof follows exactly the lines of the proof of Proposition 

ED □ 

We now establish the main result of the present section. 

Theorem 8.6. Assume that P is subcritical in £1. Suppose that the cor- 
responding Martin boundary 5£l is equal to the minimal Martin boundary 
and is equal to d£l U {£o;£i}> where Oil \ {CoiCi} is assumed to be a regular 
manifold of dimension n — 1 without boundary, and the coefficients of P are 
locally regular up to dQ \ {£o>£i}- 

Denote by £1 the Martin compactification of Q, and assume that there 
exists a bounded domain D C such that £o an d £i belongs to two dif- 
ferent connected components Dq and D\ of O \ D such that each Dj is a 
neighborhood in f2 of £j, where j = 0, 1. 

Let uq and u\ be the minimal Martin functions at £o and £i respectively. 
Consider the supersolution v := \JuqU\, and assume that 



ui(x) 
Ko u (x) 



lim 



u Q (x) 



lim 



0. 



(8.5) 



Then the associated Hardy-weight W := Pv/v is optimal in f2. Moreover, 
if P is symmetric, and W does not vanish on Q\{£o ; then the (essential) 
spectrum of the operator W _1 P acting on L 2 (Q,,Wdv) is [l,oo). 

Proof. We know that U{ vanishes continuously on <9f2 \ {£o>£i}- Also, by 
Hopf's boundary point lemma, we know that the gradient of U{ does not 
vanish on d£l. Define a metric g on f!, regular up to <9f2, by 

fl(v) := {A- 1 ;-). 
We have V g = AV, and therefore, 



W := 



1 Ul 



V ( m 



Now, we can apply the Lemma EH with E = 5f2\{£o> to get that W is 
continuous up to the boundary dfl \ {£o,£i}- Also, we know that Uq/u\ has 
a continuous positive extension up to dQ \ {Co,Ci} ( see P ar t (i) of Theorem 
7.1 in [33]). Hence, the log solution 



^u ui log I — 



as well as the oscillating solutions 



y/u ui cos £log 
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vanish continuously on 50 \ {£o> By elliptic regularity up to the bound- 
ary, since W is continuous up to d£l \ {£o,£i}, ah these solutions are in fact 
C 1,Q up to dQ, for some a G (0, 1). 

Consequently, (|8.5p and Proposition 18.51 imply that y/u^ui has minimal 
growth at £o an d £i- It also vanishes continuously on d£l \ {£o>£i} ? an d 
therefore has minimal growth on dVt \ {£o>£i} by Lemma 18.31 Therefore, 
again by Lemma [8.31 it has minimal growth on 50, i.e. at infinity in 0, and 
the criticality of P — W follows. 

The optimality of the constant 1 near £o and £i follows from the exis- 
tence of the oscillating solutions. Such a solution contradicts the general- 
ized maximum principle near £o and £i for the operator P — XW with the 
corresponding A > 1 (as in Theorem 15. 2p . 

Concerning the null-criticality, the proof follows the same lines as in the 
proof of Theorem I6.2( here again we use the vanishing of the oscillating 
solutions on 90\{£o; This implies that the boundary of will not cause 
trouble in the various integrations by part. The same remark also applies 
to the proof concerning the entire spectrum in the symmetric case. □ 

Remark 8.7. In the one-dimensional case (i.e. n = 1, f2 = (a, 6), where 
— oo < a < b < oo), with a general subcritical operator P, there are always 
two positive solutions of the equation Pu = in an interval C M that 
satisfy (|8.5[) . Indeed, in this case one should take the two minimal positive 
solutions (Martin's kernels) of the equation Pu = in Q corresponding to 
the two end points (cf. [29]). 

The following example deals with an important class of operators with 
boundary singularities which satisfy the assumptions of Theorem 18.61 an d 
in particular (|8.5p . 

Example 8.8. Fuchsian type operators 

Consider a Fuchsian linear subcritical elliptic operator of the form (|2.ip 
defined on the cone !1 := {i £ W 1 r > 0,u 6 S}, where X is a Lipschitz 
domain in the unit sphere 5 n_1 in R™, n > 2, and (r, u) denotes the spherical 
coordinates of x. We assume that the coefficients of P are up to the boundary 
locally Holder continuous except at the origin. The operator P has Fuchsian 
singularities both at and oo means that there exists a positive constant 
M such that near and oo we have 

n n n 

i=l i,jr'=l i=l 

and 

n 

\x\ ^2 \bi(x)\ + M 2 |c(x)| < M. 

i=l 

It is known from [33] that the Martin boundary of O for P is equal to the 
minimal Martin boundary, and is the union of the Euclidean boundary and 
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oo. For j = (resp. j = 1), denote by Uj the minimal Martin function with 
pole (resp. oo). By [33] Uj vanish on 50 \ {0}, and 

lim = lim = 0. (8.6) 

i-»0li I x~>oo ui(x) 

Applying Theorem 18.61 we conclude that if W is the weight obtained by 
the supersolution construction applied to uq and u\, then W is an optimal 
Hardy-weight. Moreover, in the symmetric case the spectrum of W~ l P is 
equal to [l,oo). In particular, the Hardy-weight of Example 18.11 is optimal. 
The same conclusions hold true for a little bit more general domains (for 
example, truncated cones), see 



The following example deals with the case where one of the conditions of 
31) is not satisfied. 



Example 8.9. Let P = -A and ft = R" , n > 1. Let v (x) := C n x n /\x\ n 
be the Poisson kernel at the origin, and v\ := 1. We note that in contrast 
to the pair (vo,x n ), the pair (vo, 1) does not satisfy one of the assumptions 
in (|8.5p . An elementary computation shows that 

1 ( 1 n(n - 2) 

4 \\x n \ 2 \x\ 2 

which is obviously greater than the corresponding well known Hardy poten- 
tial l/(2|x n |) 2 , and we get the following improved Hardy inequality 

|V0| 2 dx> I W{x)\cp\ 2 &x V0£C^(Rl). 

It is known that 1 is the best possible constant for the inequality —A — XW > 
in (see for example |28| ), but it is not clear whether — A — W is critical 
in R" in dimension greater than 2. For the two-dimensional case, —A—^j^-jj 
is subcritical in R" , and consequently, for n = 2 the operator —A — W(x) 
is subcritical. 

9. Several ends 

The criticality result for Hardy-weights obtained by a particular super- 
solution construction (Theorem I4.2p can be extended to the case where we 
have a finite number of ends in f2, instead of just two ends (e.g., one isolated 
singularity and oo). For related results see also propositions IB.ll and IB.31 in 
Appendix El and [H El H] . 

Definition 9.1. Let M be a noncompact manifold. We say that M has 
N-ends E±, . . . , En, if each E- t is a smooth non-compact connected manifold 
with boundary such that 

N N 

M = (J E u and f| E { = 0, 

i=0 i=l 
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where Eq is a relatively compact, open set of M. We denote the ideal 
"infinity" point of each E% by Xi (that is, x% is the ideal limit point when 
^ooinMn£i\ (dE 1 DM)). 

We need the following Lemma, which is a slight extension of the results 
of [361 Corollary 3.6]: 

Lemma 9.2. Let P be a symmetric elliptic operator in a manifold M with 
ends Ei, ... , E^ . For i = 1,2, let Pi = P + Wj be a nonnegative operator 
in M , where Wi is a potential, and let 4>i be a positive solution of P{U = 
in Ei. Assume further that 

(f2 < Cipi in Ei, 

and that ipi has a minimal growth at xi with respect to Pi. Then ip2 has a 
minimal growth at xi with respect to Pi ■ 

Proof. We first modify (fi so that it has minimal growth for p on Ei (seen 
as a manifold with boundary). To this purpose, let us consider U a compact, 
smooth, open set which is a neighborhood of dEi in E\. Let ip be a positive 
solution of P\u = in U, with minimal growth at dEi n M. Now consider 
a positive function <fi(x) (resp. <f2(x)) which is equal to ip(x) on a neigh- 
borhood of dEi, and to ipi(x) (resp. <P2{%)) near x\. Let Wi be a potential 
such that (P + Wi)<pi = in Ei. By the (AAP) theorem, P\ := P + Wi 
is nonnegative. Also, by construction, (p\ has minimal growth (globally) 
in Ei, considered as a sub domain of M, and therefore Pi is critical in Ei. 
Furthermore, we still have (with a different constant C) 

(f>2 < dpi in Ei. 

Now, [361 Theorem 1.7 or Corollary 3.6] implies that P2 is critical in Ei, 
and (f>2 is its ground state. Therefore, (pi has minimal growth (globally) on 
Ei. Since ((>2{x) = ^{x) near xi, the lemma is proved. □ 

We now formulate the main result of the present section that claims that 
in the case of finitely many ends the supersolution construction produces an 
N — 1-parameter family of critical Hardy- weights. 

Theorem 9.3. Suppose that P is a symmetric subcritical operator in a 
manifold M with ends Ei, . . . , En, N > 2. Assume that for each 1 < i < N 
there exists a function U{ which is a positive solution of the equation Pu = 
in M of minimal growth near each end Xj, j 7^ i, and satisfying 

lim ^iM = Vi + i. 

x-+Xi Ui(x) 

Consider the supersolution construction 

N 

r: II"/'- 

i=i 
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where < ctj < 1/2 for all 1 < j < N, and J2j=i a j = 1- 

Then corresponding Hardy-weight W := Pv/v is critical with respect to 
P and M. 

Proof. Note that by the definition of minimal growth, for each i, and every 
k,j^i we have 

Uj(x) x Uk{x) as x — > Xi. 

Denote Uj := Ylj^i u j 3 • Fix 1 < i < N and k ^ i. Then near Xj the 
following inequality holds 

v = uf'ui 1 -** < Cu^u 1 -^ = Cimukf/ 2 2 ° l < ( Ui n fc ) 1/2 - 

Recall that it follows from the proof of Theorem 14.21 (or Theorem 18, 6ft that 
(ujUfc) 1 / 2 has minimal growth at Xi with respect the symmetric operator 
P — Wi : k, where W^k is the Hardy-weight corresponding to the pair (ui,Uk)- 
Hence, by Lemma 19.21 v has minimal growth at X{. Since this is true for 
all 1 < i < N, it follows that the operator P — W is critical in M. □ 

Remark 9.4. 1. Theorem 19.31 should hold also in the nonsymmetric case 
(cf. Proposition IF3.3|) . 

2. We plan to study the other optimality properties of the Hardy weights 
of Theorem 19.31 (besides the criticality) in a subsequent paper. Note that if 
the number of ends N is greater than 2, then these critical Hardy- weights 
might be not optimal, see Remark IB. 21 

3. For a slightly different approach in some particular cases, see proposi- 
tions IB.ll and IB. 31 in Appendix [Bj 

10. Examples, applications and problems 

In this section we present some further examples, and discuss some ad- 
ditional applications and extensions. First, we present a straightforward 
example of an optimal Hardy- weight. 

10.1. Further examples. 

Example 10.1. Consider the Laplace operator P = —A on the unit disk 
O = B(0, 1) C M 2 . Take vq(x) := — ^log|cc|, the Green function of the 
unit ball with a pole at the origin, and let v\ := 1. Then the correspond- 
ing optimal Hardy-weight is given by W(a;) = (4|x| log \x\) 2 defined on 
-6(0, 1)* := B(0, 1) \ {0}. We obtain the inequality with the best constant 

/ |V0| 2 dx>i/ - 10,2 dx v*eC5°(B(o,i)*), 

JB(0,1)* 4 JB{0,1)* [\x\ log \x\) 

cf. [21 (1.3)]. In particular, the operator —A — W is null-critical in B(0, 1)* . 
and A (-A, W, B(0, 1)*) = A 0O (-A, W, 5(0, 1)*) = 1. 
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Analogously, in higher dimension n > 3, let vo(x) := C n (\x\ 2 ~ n — 1) be 
the Green function of the unit ball 5(0, 1) with a pole at the origin, and let 
V\ := 1. Then 

W(x) = 

4(|s|(l - \x\ n - 2 )f 

and the following optimal inequality holds true 

/ |V^| 2 dx>(^)Y - ^ dx V^€Cg°(S(0,l)*). 

•/b(o,i)* v 2 y VB(o,i)*(|x|(l - |x| n ^ 2 )) 

In particular, the operator A — W is null-critical in 5(0, 1)*, furthermore, 
cf. [21 Section 1.1], we have 

A (-A,W, 5(0,1)*) = Aoo(-A,W, 5(0,1)*) = 1. 

Example 10.2. The aim of the present example is to give an alternative 
proof that 1/4 is the best constant in the classical Hardy inequality (|3.5p 
for a smooth convex bounded domain (see the discussion in Example 13. 4p . 
If we use the supersolution construction with P = —A, uq = G (the Green 

function), and u\ = 1, we get an optimal Hardy- weight W := ||^| • 
Recall that G vanishes on dVt (in fact, G{x) >c 5(x) near the boundary). By 
Hopf's lemma, dG/da does not vanish on <90, where cx is the outer normal 
vector to dSl. Hence, by the proof of Lemma 18.41 we have 

1 

±5(x~y 

Since we know that Aoo(P, W, fl) = 1, we deduce that 1/4 is indeed the best 
constant in the classical Hardy inequality (|3.5p . It is also easy to deduce from 
the fact that P — W is null-critical that the classical Hardy inequality (|3.5p 
has no minimizer (this also follows from the subcriticality of — A — <5(x) _2 /4). 
We do not know if the asymptotic of W given by (jlO.ip remains true if 
has a rougher boundary. 

In the next two examples we apply the supersolution construction to 
positive solutions with boundary singularities. 

Example 10.3. Consider the operator Pu := —u" on K + , and apply the 
supersolution construction with the positive solutions uq(x) = x, u\{x) = 1. 
By Theorem 18. 6( we readily get the classical Hardy inequality on M + with 
the optimal Hardy- weight W(x) := l/(4x 2 ). We note that the corresponding 
transform (17. lip is just the classical Mellin transform. 

Example 10.4. Consider the operator Pu := — u" + u defined on R, with 
uq(x) = e x , u\(x) = e~ x . Applying Theorem 18.61 we obtain the optimal 
Hardy- weight W := 1, and we get the trivial inequality P—W = —d 2 / dx 2 > 
in R. The corresponding transform (|7.1ip is just the classical Fourier 
transform on R. 



W ( x ) ~ 77732 as x ~> dn - ( 1(U ) 
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10.2. Completeness of the induced metric. In this subsection we prove 
that the Agmon metric corresponding to optimal Hardy-weight W is com- 
plete. The completeness of £1* in this metric implies sharp decay estimates 
for solutions of the equations the Pu = f in f2* (see Subsection 110.31) . 

Lemma 10.5. Suppose that the assumptions of Theorem \2.11\ are satisfied 
and let W be the corresponding optimal Hardy-weight. Assume further that 
W is strictly positive. Then fi* is complete in the Agmon (Riemannian) 
metric 

n 

ds 2 := W(x) aij(x) dxidxj, where [aij] '■= [a*- 7 ] • (10.2) 
i,i=i 

Proof. We follow the proof of Lemma 1.5 in [25]. Let 7 be a curve in f2 such 
that j(t) — > 00 in f2* when t — > T. Here, T is finite or infinite. We have 
to show that the length £(7) of 7 for the metric ds 2 is infinite. Denoting 
v := ^, we compute 



L( 7 ) = / v^(7(s))lV 



A- 1 



ds 



|Vlogt;U(7(s))|7 / U-ids. (10.3) 



Define Va to be the gradient with respect to the metric \-\a- For a function 
/ and a vector v S T x £l, by definition of the gradient, we have the following 
identity 

d/xW = (Vf,v) = (AV A f,v), 
which shows that = A~ l V ' . From this, we see that 

|VWli-! = (A^VA-if^A-tf) == (AX7f,X7f) = \Vf\l 

Using this last identity, we get 



L{l) = ^ T |V j4 - 1 log W U-i(7(s))l7'(s)l 



A- ds = - 



T 



-^logu(7(s)) 



ds 



> 



T 



ds 



logu(7(s)) ds 



^ o } [r % I logv(-y(*)) -logu(7(0))|. 
2 t-¥T 



Since we assumed that 7(t) — > 00 when t — > T, and that lim^oo | log v(x)\ = 
00, we deduce that £(7) = 00. □ 

10.3. Decay of solutions of Pu = f and Rellich-type inequality. Let 

P be a Schrodinger operator of the form 

n 

Pu = ~Y^ di(a ij (x)d jU ) + c{x)u (10.4) 

defined on a domain Q C M n . A theorem of Agmon [31 Theorem 1.5] states 
that under certain conditions on P, solutions u of the equation Pu = f in f2 
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that do not grow too fast, in fact, decay rapidly. The main condition which 
is required for the validity of the theorem is given by 

(P<f>,<t>)> [ \(x)\<p\ 2 dx V^GC^(O), (10.5) 
Jn 

where A is a nonnegative weight function. The decay is then given in terms 
of a function h satisfying 

\Vh(x)\\ < X(x) a.e. fi. (10.6) 

Any Hardy-weight W given by (j3.3|) provides us with a natural candidate for 
A and h. Assume that our Hardy-weight W obtained by the supersolution 
construction with a pair («o,i>i) is strictly positive a.e, in Q, and set 

X:=W, ft:=£log(* 
2 \vi 

where < fx < 1. Then A and h clearly satisfy (|10.6p . Suppose also that a 
solution u of Pu = f in f2 satisfies the growth condition (1.13) in [3]. By 
Lemma 110.51 the induced Riemannian metric 

n 

ds 2 := W(x) ^2 a ij( x ) dxidxj, where [a^] := [a u ] 1 (10.7) 
*>i=i 

is complete. Therefore, by [3j Theorem 1.5], the following Rellich-type in- 
equality holds true 

^^^M^^^IMM^- (io - 8) 

Assume that for some < \i < 1 we have 

J a w$j{%)' dI<0 °' 

Then letting f/, — > (using the monotone and dominated convergence theo- 
rems) we obtain the following Rellich-type inequality: 

f \u\ 2 W(x)dx< f ^^-dx. (10.9) 
Jn Jn W(x) 

Example 10.6. Consider the Poisson equation in the punctured space = 
W 1 \ {0}, n > 3 with the optimal Hardy- weight 

W{x) : = (^)V 2 - 
The corresponding induced Riemannian metric is given by 

n 

ds 2 := W{x)^{dxi) 2 . 
i=l 
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By Lemma 110.51 Q* is complete in the above Agmon metric. By (jl0.8)) and 
(|10.9p . for any < fi < 1 the following Rellich-type inequality holds true 

^^"^In^Sf^^ /jAn| 2 |x| 2 - (n - 2) -dx VueCgW 

(10.10) 

It is known that (^^) (l — A* 2 ) 2 is the best constant for the above inequal- 
ity, see [18\ Theorem 3.14 and the references therein]. 

Corollary 10.7. Assume that P is a symmetric subcritical operator in Vt, 
and let W > be a Hardy-weight that is obtained by the super solution con- 
struction. Then for any < a < 1 the following Hardy- Rellich-type inequal- 
ity holds true 

\u\ 2 W{x)dx<a [ uP[u]W ( x) dx+(l- a) f^-dx Vu6CE°(fi). 
i Jn JnW{x) 

(10.11) 

Conjecture 10.8. Assume that P is a symmetric subcritical operator in Q,, 
and let W > be an optimal Hardy-weight. Fix < fi < 1. Then A = 1 is 
the best constant in the following Rellich-type inequality 

a/m> (,flv w (^y ^/jM (2)- dI v„ 6Co ~ (!i ). 

(10.12) 

Moreover, X = 1 is the best constant in the following Rellich-Hardy-type 
inequality 

A [\u\ 2 W(x)dx<a [uP[u]W(x)dx + (l-a)[ ^$-dx Vu€Cg°(n). 
Jn Jn ' JnW{x) 

(10.13) 

10.4. Decay of solutions and estimates of W near infinity. The su- 

persolution construction provides bounds for solutions near infinity in terms 
of the Green function G and a global solution u. In particular, we have 

Lemma 10.9. Let P be a subcritical operator in £1, and let W be the cor- 
responding optimal Hardy-weight in f2 associated to the pair (1)1,1)2), where 
v\, t>2 are positive solutions of the equation Pu = in £1. Let v be a positive 
solution of the equation 

(P - v)v = 

of minimal growth at infinity with respect to P — V inQ. 
Suppose further that 

V(x) < 4a(l - a)W(x) in ft' 

holds true for some 1/2 < a < 1, and some neighborhood Q' of infinity in f2. 
Then for any 1/2 < (3 < a there exists a constant C such that the inequality 

v(x) < Cv\~^ (x)v2 (x) 
holds true in a neighborhood of infinity of £1 . 
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Proof. The function v-^~ fr> is a positive supersolution of the operator P — V 
in a neighborhood of infinity of Q. The claim then follows by the definition 
of positive solutions of minimal growth. □ 

Example 10.10. Let U be a smooth bounded convex domain and u a 
solution of the equation 

(P - V)u = 0, 

of minimal growth in a neighborhood of infinity in £1. Suppose further that 
for some 1/2 < a < 1, V < a(l - a)5- 2 (x) holds true in a neighborhood 0' 
of infinity of £1. Then 

u{x) < C5(x) a in n'. 



In order to apply the Lemma 110.91 for the pair (u, G), where G is the 
Green function and u is a global solution satisfying (|2.7p . one needs to 
know the behavior of the optimal Hardy-weight W near infinity, and to 
compare pointwise V and W, if V is a (non-optimal) Hardy potential. In 
full generality, it seems hopeless to get an asymptotic of W at infinity, since 
VG might vanish on a nonempty set with an accumulation point at infinity 
in Q (of course, it is expected that this set should be small). 

However, in the symmetric case we have an asymptotic of W in average 
at infinity, as follows from Corollary 17.31 which, if u is normalized so that 
u(0) = 1, gives that 

/ uGW dv = -(log 6 — log a). 

Moreover, in average, we can compare W and any Hardy-weight V near 
infinity. 

Proposition 10.11. Suppose that P is symmetric and the hypotheses of 
Theorem \1.3\ are satisfied (with P, u, G and W as in the theorem). Let 
V be a nonnegative potential such that P — V > in £1* . Then for every 
1 < a < b < oo (or — oo < a < b < —1), we have 

[ uGVdv<5 [ uGWdv= -[log(6 + l) -log(a- 1)]. 

J{a<\ogS.<b} ^{a-l<log^<6+l} ^ 

Proof. By performing a ground state transform, we may assume that u = 1. 
We start with the following inequality 

[ Vv 2 du< [ vP[v]du VveC^(n*), 

which holds true by our assumption. 

Fix 1 < a < b < oo, and let ip be a smooth nonnegative cut-off function 
supported in {a — 1 < log G < b + 1}, such that ip = 1 on {a < log G < b}. 
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Set v := G^ 2 ip, and recall that (P - W)(G) 1 / 2 = 0. Therefore, by (|2T3j) 
we have 



/ 



vP[v]du = [ [GWtp 2 - -(VG,V^)a + G^M] di/. 

'<b+l\ J U-K\ozG<b+l\ 2 



'{a-l<logG<b+l} J {a-l<\ogG<b+l} 

Now, integrate by part the last term to get 

f GVdv< f GWtp 2 dv + [ G\Vtp\\dv. (10.14) 

J{a<logG<b} J{a-l<\ogG<b+l} J {a-l<logG<b+l} 

Consider the function tp defined by 

1 x G {a < log G < b}, 

6+l-logG(x) x G {b < logG < b+ 1}, 

logG(x)-a + l x £ {a - 1 < logG < a}, 
elswhere. 



Now, take a sequence {tpk} C Cq°(0*) of smooth function < i^k < tp which 
converges in W 1 ' 2 to tp. Since tp is in Wq' 2 (Q*), we can find such a sequence 
{tpk}- Applying (|10.14p to tpk and passing to the limit as k — > oo gives 

f GVtpdv< f GWtp 2 dv+ [ G|V^|id^ 

J{a<logG<b} J{a~l<logG<b+l} J {a-l<log G<b+1} 

We use finally the fact that tp is supported in {a — 1 < log G < b + 1}, that 
< tp < 1 and that \Vtp\\ < 4W to get the result. □ 

It is natural to formulate the following conjecture about the pointwise 
asymptotic of the optimal Hardy- weight W. 

Conjecture 10.12. Let Pu = —Au + V(x)u + u be subcritical in W 1 and 
assume that lim^^oo V(x) =0. If u is a positive solution of Pu = in 
M. n satisfying (j2.7|) . then the optimal Hardy-weight W associated to the pair 
(n, G) satisfies 

lim W(x) = 1. 

x— >oo 

Remark 10.13. In many cases the asymptotic of the Green function at 
infinity is known. Therefore, knowing the asymptotic of the optimal Hardy- 
weight W associated to a pair (1,(7) will lead to the asymptotic of |VG|^ 
at infinity, such information is rarely available. 

10.5. Regularization. The main result of the our paper (Theorem 12. lip 
provides us with an optimal Hardy- weight W defined in the punctured do- 
main ft* rather in fi. This drawback can be easily relaxed using the follow- 
ing regularization procedure. Let W < W be a (locally) regular nonnegative 
potential in f2 such that W = W outside a punctured neighborhood of the 
origin. Clearly, P — W is subcritical in CI. Let V £ C^°(Q) be a smooth 
nonzero nonnegative function such that P — W — V is critical in fi (see, 
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Lemma l2.6p . Then the potential W := W — V is critical in Q, null-critical 
at infinity of £1, and X 00 (P, W, fi) = 1. Moreover, in the symmetric case, by 
Theorem 17.41 the corresponding spectrum and essential spectrum of W~ l P 
is equal [l,oo). So, W is an optimal Hardy-weight for P in £1. 

10.6. The quasilinear case. In this section, we briefly discuss some ex- 
tensions of the previous results to the case of p-Laplacian type equations 
(for some related results see [H [131 E3] ) • Throughout the present subsection 
we assume that p ^ 2. The celebrated p-Laplacian is the quasilinear elliptic 
operator 

A p (u) := div (\Vu\ p ~ 2 Vu) . 
Let V € L^ c (£l) be a given function (potential), we consider the functional 

Qv(4>) ■= [ (\Vtp\ p + V\ip\ p )dx ^ £ C °°(O) (10.15) 
Jn 

and the associated differential operator 

Q' v (u) := -A p (u) + V\u\ p ~ 2 u. (10.16) 

The notion of criticality and subcriticality of Qy have been studied in 
this context, and we refer to |39| for an account on this. In particular, 
the Agmon-Allegretto-Piepenbrink theorem extends to this case |39|, The- 
orem 2.3]. Due to the nonlinearity of the operator, if the potential V is 
nonzero it is likely that our supersolution construction will not yield in gen- 
eral an optimal weight, as we can see from the following result in the radially 
symmetric case. 

Theorem 10.14. Assume that the functional 

Q V (<P) := [ (|VC + V(\xMn dx 4>e C °°(O), (10.17) 



is subcritical in a radially symmetric domain Q C M. n , where the potential 
V is radially symmetric. Suppose further that either 1 < p < 2 and V > 0, 
or p > 2 and V < 0. Let uq,u\ be two linearly independent positive radially 
symmetric supers olutions of the equation Q'yiu) =0 in Q* := Q \ {0}. 
Define the function 

v a (\x\):=(v 1 (\x\)) a (y (\x\)) 1 - a x 6 fi*, 

where < a < 1, and let 



W a (t) := a(l-a)(p-l) 



log 



u (t) 



2 



\[log(u a (t))} 



l\p- 



Mt), 

Then v a is a positive supersolution of the equation 

Q' v _ Wa (u) = inU*, (10.18) 
and the following improved inequality holds 

Qv{<t>) > ! w a \<f)\ p dx V0 e Cq 00 ^). 
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Moreover, if p ^ 2 and V is not identically zero, then for every a G (0, 1) 
the functional Qv~w a is subcritical in fi*. 

The proof of this theorem will appear somewhere else. Notice that in the 
case where p ^ 2, the supersolution construction yields a weight W a which 
is not easy to optimize with respect to a. On the other hand, for the case 
of the p-Laplacian itself in a general domain O C M n , we can take uq = 1, 
and thus optimize W a : 

Proposition 10.15. Assume that v is a positive supersolution (resp. so- 
lution) of the equation — A p (u) = in O. Then for a £ (0,1), v a it is a 
positive supersolution (resp. solution) of the equation Q' w (u) = in Q, 
where 

W a :=a p - 2 a{a-l)(p-l) 

In particular, for the optimal value a = the following logarithmic Cac- 
cioppoli inequality takes place: 

(/dx< / |Vv?| p dx ip£C^(n), (10.19) 
Jn 

where v is any positive p-superharmonic function in £1. 

We omit the proof of this Proposition. However, the following problem 
remains open: 

Problem 10.16. Let £1* := fi\{0}, and assume that the functional f n |Vn| p 
is subcritical in O. Let G be the Green function for — A p in Q with a pole 
at zero, and assume that 



Vv 




lim G(x) 

x— »oo 



0. 



(for example, this holds if ' O = 

W 



and p < n). Is the weight 
v 





VG 




G 



an optimal Hardy-weight for the p -Laplacian in f2* ? 



Appendix A. Radially symmetric Schrodinger operators 

In this Appendix we discuss the important family of radially symmetric 
Schrodinger operators defined on radially symmetric domains. The results 
of our paper obliviously apply to this case. On the other hand, since the 
technique we used throughout the paper is based on a one- variable approach, 
it is natural to consider this particular family of operators, and give an 
alternative direct proof of some parts of Theorem 11.31 for this case. 

We consider the supersolution construction in the case of a nonnegative 
Schrodinger operator P = — A + V in M n , (or a radially symmetric subdo- 
main) where n > 2, and V is a radially symmetric potential. 
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Theorem A.l. Consider a subcritical Schrodinger operator P = — A + V 
in W 1 , where n > 2, and V is a radially symmetric potential. Let tp be the 
unique global positive radial solution of the equation Pu = in W 1 , and go 
the corresponding positive minimal Green function with a pole at 0. In the 
supersolution construction, take Gq := y/ipgo, and let 



W(r) :=- [log^oMMr))]' 



r > 



be the corresponding Hardy-weight. 

Then the operator P — W is null-critical in £1* := Bi n \ {0}. In particular, 
A = 1 is the best constant for the inequality 

J (|Vu| 2 + V(x)u 2 ^j dx > A J W(\x\)u 2 dx ueC °°(fi*). (A.l) 

Moreover, \oo(P, W,n*) = 1. 

Remark A. 2. 1. In the radially symmetric case, condition (jl,5p always 
holds true. In particular, for Q = W 1 we have, lirm._j.oo = 0. 

2. The results of our paper gives an alternative proof of a recent result of 
Gesztesy and Unal |2CH Theorem 2.1]. 

Proof. By Murata's criterion for the subcriticality of radially symmetric 
Schrodinger operators |29} Theorem 3.1], we know that the operator P is 
subcritical in W 1 if and only if 



oo 

r l ~ n {4){r)Y 2 dr < oo, (A.2) 



and in this case, 



g (\x\):=i>(\x\) r 1 -"(^(r))- 2 dr 

J\x\ 



is the corresponding positive minimal Green function with a pole at (up 
to a multiplicative constant). 

Assume that (|A.2|) is satisfied, and take for the supersolution construction 
the function Gq := y/tpgo- So, 



G (t) := Vmgo(t) = \ m)) 2 / ri-»(^(r))-2 dr. (A.3) 



Hence, Go is a positive global solution of the equation 

(-A + V -W)u = inQ*, (A.4) 

where 



1 . 2 r z--zn 

W(r) := - [\og(g (r)/^(r))] = . (A.5) 

4 4[il)(r)go(r)\ 
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It follows from the criterion (lA,2j) that the operator — A + V— W is critical 
in O*, with a ground state Go(t) if and only if 



l1— n 



oo 

r^ n (^(r))- 2 dr 
and 



df 



oo, 



(A.6) 



lI — TI 



oo 

r^ n (V>(r))- 2 dr 



But by (|A.2j) we have 



iX—n 



oo 

r 1-n (^(r)) -2 dr 



d/ 



oo. 



log( 5 o(*)M*)) dt = log( 50 (l)/V(l)) " I™ log( 5o (t)M*)) 

J t— >oo 



log 



r i ~ n (V'(r))^ 2 dr 



lim log 

t— >oo 



r i " n (^(r))- 2 dr 



oo. 



Moreover, since n > 2 we have 
-l 



l-n 







oo 

r 1 ~ n (^(r))- 2 dr 



d/ 



log( 5 o(*)M*)) 



dt 



log( 50 (l)Ml)) +limlog( 5 oWMO) 
t— >o 



log 



r 1 " n (V'(r))- 2 dr 



+ lim log 

t->o 



r 1 " n (^(r))- z dr 



oo. 



So, (|A.6j) is satisfied and the operator —A+V—W is critical in 0*. Similarly, 
one shows that — A + V — W is null-critical in O*. 

Next, we investigate the bottom of the essential spectrum of the corre- 
sponding operator. Let W be a positive continuous function in a neighbor- 
hood of the origin such that W = W outside a ball B centered at the origin. 
We need to prove that Aoo := A^P, W, R n ) = 1. 

Clearly, Aqo > 1. On the other hand, since ip is a positive solution of 
minimal growth (i.e. a principal solution) near and not near oo of the 
equation 

- (t n - V)' + t n ~ x V{t) = t€(0,oo), (A.7) 
the oscillatory criterion [20} Theorem 2.1] implies that the equation 

-(e^v')' + t n ~ 1 (V{t)+q{t))v = i£(0,oo), (A.8) 
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is oscillatory near infinity if 



t— >co 



poo \ 2 

limsup g(t)t 2n - 2 (V(t)) 4 ( / r^ n (iP(r)y 2 dr 



"S.^J|) < -i (A - 9) 



where we have used (|A.5j) . 

In particular, (|A.9P implies that for any e > the equation 



- A + V - (l + e)Wju = 

does not admit a positive radial solution near infinity. Consequently, the 
equation ^ — A + V — (1 + e)W^ju = does not admit any positive solution 

near infinity. Hence \ O0 (-A + V,W,W l ) = l. □ 

Appendix B. Some more results concerning several ends 

Here we study a particular case of Theorem l9. 31 without using the Liouville 
comparison argument, an argument that applies only in the symmetric case. 
In particular, we recover, and in fact improve, the results of 

Assume that x±, . . . , xm are given distinct points in fi, and consider : = 
SI \ {xi, . . . , xn}. Let Ui = G(-,Xi) be the Green function with a pole at Xi, 
and «o be a positive solution of Pu = such that 

We also define uo to be a positive solution of P such that 

G(x) 
lim — V4 = 0. 

x^oo Uo(X) 

We consider the supersolution construction v := 11^=0 n j J with the functions 

uo, • • • , un, and with weights «j € (0, |], where i = 0, . . . , N , and a * = 

1. We claim that in a certain number of cases, this gives a critical weight 
W. 

First, consider the Laplacian on M. n , and let us compute explicitly the 
Hardy- weight W for the case a\ = where i = 0, . . . , N. If i ^ 0, j 7^ 0, 



then m 



2-71 



and therefore, 

1 . 

Vlog 



1 \ 2 N 

n — 2 \ v-^ 1 1 



W ^ ( N + l J 5- \x-xA 2 + (A^ + l) 2 ^ 

v 7 j=l 1 11 v ; l<i<j<AT 



Uj{X) 

Uj (x) 
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Now, 



Vlog 



Uj{x) 

Uj (x) 



n — 2 



2 



<2 1 2 

I /"y» ry* . I 2 I /-ya ry* . I i 



= ( n " | r _ r .|4| r _ T .|4 (l X " X l\ 4 \ X ~ X ^ 
I I X X^ I I X j I ^ I 2 I I *^ *^ j I X^ ^ X 



(n-2Y 



\X{ 



X. I 2 I ry* ry+ . I 




Xj\ 2 



.121 



(B.l) 



We note that the Hardy inequality obtained by Cazacu-Zuazua [1 H Theo- 
rem 1], which gives a subcritical Hardy- weight W2, is obtained by performing 
the supersolution construction with uniform weights «j = i, i = 1, . . . , N, 
and the positive solutions u\, ■ ■ ■ , u/y (i.e. discarding uq). Indeed, the pre- 
vious computation shows that in this case the Hardy weight is 

^•) = (^) 2 ( £ F^gg^ l- (a2) 

\i<j<j<iv 1 11 

We claim that the Hardy weight W given by (jB.lj) is a critical weight, 
but if N > 1, the constant is neither optimal at any of the Xj, nor at infinity. 

Proposition B.l. Let P = —A inM. n , n>3, and {x{}fL 1 be distinct points 
in R n . Consider the preceding supersolution construction v := Tl^=o n J J with 
uq = 1, Ui = G^_" A (-,Xi), i = 1, . . . , N, the weights cti G (0, 5], i = 0, . . . , N, 
such that 2~2iLo a i = 1> anc ^ ^ e Hardy-weight (|B,1|) . 

TTien —A — W is a critical in £1* := £1 \ {x±, . . . ,xn}. 

Proof. We may assume that N > 1. The first part of the proof is general 
and apply to a general P on fi. We know that f is a positive solution of 
[P— W)v = 0, and therefore it is enough to prove that v has minimal growth 
at infinity in fl*, that is v has minimal growth at infinity in Q and at each 
of the points X{. By convention, we will set xq = 00. 

Fix i G {0, . . . , N}. Denote a := a^. We want to show that v has minimal 

growth at Xi. Denote U{ := (Y\j^iUj J ^j 1 " > then Ui is a positive solution of 
(P — V)u = 0, where 
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V :-- 



1 



(l-a)S 



Vlog 



/ 



Now if we apply the supersolution construction to U{ (that is a solution 
of (P — y)n = 0), and (a solution of Pu = 0), with a weight /? € (0, 1), 
we obtain (see Remark |3.3[) 



p - (i - p)v - p(i - p)w 

For f3 = a, we obtain 



0. 



P-(l-a)V -a{l-a)W 



v = 0, 



whence W = (1 — a)V — a(l — a)T4^. Similarly, for /3 = 1 — a, we get 



P-aV -a{l-a)W 



0. 



Write L := P — W, and it) := «. a uf , then we have 



Lv = 0, and [L + (1 — 2a)V] w = 0, 
and we want to deduce from it that v has minimal growth at infinity in £1* 
Notice that 



lim 



lim 



II; 



l-2a 



0. 



If it; would be a (super)positive solution of Lu = (P — W)u = near Xj, 
then Proposition 14.11 will imply that u has minimal growth at X{. However, 
instead w is only a subsolution of L (notice that by hypothesis, 1 — 2a > 0). 
We will show that in a neighborhood of Xi, we can find a positive solution 
w of Lw = 0, such that w(x) > w(x). Hence we will have 



lim — 



0, 



and this will imply that v has minimal growth at X{. 



Define 



(B.3) 



h(x) := (1 - 2a) / G u L (x,y)V(y)w(y)dy, 
Ju 

where is the minimal positive Green function of L in a relatively compact 
neighborhood U C fi\ {xo, ■ ■ ■ ; ■ ■ ■ ,%n} of Xi in £1* (hence, a sequence in 
U which goes to infinity in £1* necessarily goes to Xi). 

Let w := w + h. Formally, it is obvious that w is a positive solution of 
Lu = in a neighborhood of Xj, and that w > w since h > 0. So, it remains 
to show is that indeed that the integral in (|B.3P is finite. 

Since the singularity of G^(x, •) is locally integrable, we only need to show 
is that G l [{x, -)Vw is in L 1 around X{. Since G^(x, •) is a solution of Lu = 
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of minimal growth at Xj, is symmetric (i.e. G I [(x,y) = G^iy, x)), and 
v is a positive solution of Lu = 0, we necessarily have 

Gl(x,-)<C(x)v 
in a neighborhood of Xj. Consequently, 

G%(x,-)w <C(x)um, (B.4) 
in a neighborhood of Xj. We distinguish two cases: 

• First, assume that i ^ 0. Then V(y) ~ 1 and Ui(y) ~ 1 when y — )■ Xj. 
Thus, 

G^(x, y)F(yMy) < C(x)^(y) ~ C(x)|y - x^, 
which is L 1 at Xj. 

• Now, we treat the case i = 0. Then for fixed x, and y near infinity we 
find that 

G u L (x,y)V(y)w(y) < C(x)G w A (x,y)u (y)V(y). 

We already know that for an optimal Hardy weight W with respect to the 
pair (1,G), the function GuqW is not integrable at infinity, but in many 
cases GuqV is integrable at infinity. In particular, in the of P = — A in 
R n , if uq = 1, then at infinity V ~ r -4 , hence G_^uqV ~ r~ n ~ 2 , which is 
indeed integrable at infinity. □ 

Remark B.2. For each j = 1, . . . , N, the Hardy- weig ht W in (jBTl) satisfies 

2 

lim W(x)\x - xA 2 = C(n, N), where C(n, N) := — -C H , 

X^-Xj J N + 1 

(so, C(n, N) < Ch if iV > 1, and W not optimal near Xj), and 

lim W{x)\x\ 2 = (M ^ U2 C H < C H , 

near infinity (so, it is not optimal near infinity). 

We note that in [9] the obtained multipolar Hardy-weight W\ satisfies 

lim W\(x)\x - x 7 | 2 = din, N), where CUn, N) := 3 ^ ~ 1 C H 

(so, C\{n,N) < C(n,N) < Ch if N > 1, and W\ not optimal near Xj), but 
like Ch\x\~ 2 near infinity. 

On the other hand, in [Tl] the obtained Hardy- weight W 2 (see (lB.2h ) be- 
haves asymptotically near each singular point Xj, j = 1, . . . , N like 

2N — 2 

lim W 2 {x)\x-Xj\ 2 = C 2 (n,N), where C 2 {n,N) := C H , 

(so, d(n,N) < C 2 (n,N) < C(n,N) if N > 3), but like |x|" 4 near infinity 
(so, it is not optimal near infinity). 

Similarly, we have. 
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Proposition B.3. Consider a subcritical operator P in Q C W 1 , and let 

{xi}f =l be distinct points in fL Set f2* := £l\{xi}f =l . Let m := Gp(-,Xi) be 
the Green function with a pole at Xj, and uq be a positive solution of Pu = 
such that 

limS^O. 

More generally, consider a manifold ft* with ends {xi}fL Q . Assume that 
for < % < N and j ^ i, the function Ui are positive solutions of the 
equation Pu = in Q* of minimal growth near each end Xj, and 

lim ^ =0 Vj / i. 

x^Xi Ui[X) 

Consider the supersolution construction and the corresponding Hardy-weight 
given by 



N , v 

I]-? W a :=2>ay Vlog (£) 



2 



where a = (ao, . . . , ajv) is a multi-index such that < ay < 1/2, and 
X^j = o a j = 1- Assume further that near each Xi we have 

w a ~ ai a i V1 °g(^) • ( B - 5 ) 

0<j<N \ U j J A 

Then the corresponding Hardy weight is critical. 
Proof. For a fixed % consider the one-parameter family 

Pi(t) := on + t, Pj(t) := Oij - — 3 —t (j ^ i). 

1 O-i 

Then for every t G (0, 1 — a.j) we have Pj{t) = 1 and 

(P - Wp)vp = 0. 

Is can be easily checked that for any j ^ i the function (3i(t)/3j(t) has 
maximum at the point tj./ = 1/2 — 04. In view of (jB.5|) . the function Vpu M \ 
is a supersolution of the equation (P — W„)ii = near Xj. Furthermore, 
since ijy/ > 0, we have 

hm ^ - = 0. 

Now notice that Proposition 14.11 holds true even when u\ is just a supersolu- 
tion. Thus, v a has minimal growth at the end x% and the lemma follows. □ 
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